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Abstract
In this manuscript, we present a complete study of the Sudakov double logarithms resummation
for various hard processes in eA and pA collisions in the small-x saturation formalism. We first
employ a couple of slightly different formalisms to perform the one-loop analysis of the Higgs boson
production process in pA collisions, and demonstrate that Sudakov-type logarithms arise as the
leading correction and that they can be systematically resummed in addition to the usual small-x
resummation. We further study the Sudakov double logarithms for other processes such as heavy
quark pair production and back-to-back dijet production in eA and pA collisions through detailed
calculation of the corresponding one-loop diagrams. As the most important contribution from the
one-loop correction, the Sudakov factor should play an important role in the phenomenological
study of saturation physics in the pA programs at RHIC and the LHC.
PACS numbers: 24.85.+p, 12.38.Bx, 12.39.St
1
I. INTRODUCTION
Saturation physics concerns the high energy QCD formalism which can describe the dense
partons, in particlular, the gluons inside hadrons [1–4]. This formalism employs the small-x
evolution equations, namely, the BFKL equation [5] as well as its non-linear extension [6–8],
the BK-JIMWLK equation [6–8] to resum the small-x large logarithms αs ln(1/x).
As proposed in Refs. [9, 10], the di-jet productions in pA collisions plays a crucial role
in terms of distinguishing two fundamental unintegrated gluon distributions, namely, the
Weizsacker-Williams (WW) gluon distribution and dipole gluon distribution, and searching
for the saturation phenomenon in high energy experiments. To be more precise, the dijet
configuration with transverse momenta k1⊥ and k2⊥ that we are especially interested in is the
almost back-to-back dijet configuration, in which we can define two interesting variables, i.e.,
the dijet transverse momentum imbalance k⊥ ≡ k1⊥ + k2⊥ and the dijet relative transverse
momentum P⊥ ≡ 12 |k1⊥ − k2⊥| with P 2⊥ ≫ k2⊥. In particular, it has been argued that the
dijet processes in pA collisions could be the smoking gun for the discovery of saturation
phenomena [9–20].
An important advantage of the dijet production as probe to the gluon saturation is that
the differential cross section can be directly related to the un-integrated gluon distributions
of the nucleus in the small-x factorization. For example, we can write down a generic
expression for the dijet production cross section depending on k⊥ as
dσ
dy1dy2dP 2⊥d2k⊥
∝ H(P 2⊥)
∫
d2x⊥d2y⊥eik⊥·(x⊥−y⊥)W˜xA(x⊥, y⊥) , (1)
where H(P⊥) represents the hard factor only depending on the hard momentum scale P⊥
and the rapidities of the two jets, W˜xA represents the Wilson lines associated with the un-
integrated gluon distributions of nucleus. The dependence on incoming parton distribution
of nucleon and other kinematic variables are omitted in the above expression for simplicity.
When the impact parameter dependence is neglected for large nucleus targets, W˜xA only
depends on the difference of x⊥ and y⊥ (see the detailed expressions in Refs. [9, 10]) in the
large Nc limit. In the sense, in the correlation limit of dijet production mentioned above,
P⊥ dependence is decouple from k⊥ dependence, and the differential cross section can be
directly calculated from the un-integrated gluon distribution of the nucleus.
Nevertheless, only the leading order calculation is presented in Refs. [9, 10] for various
dijet processes, which may not be sufficient for drawing definite conclusions. In other words,
in order to probe saturation phenomena by comparing with experimental data from pA colli-
sions, the one-loop correction to the leading order results for various dijet processes seems to
be indispensable. The major objective of this manuscript is to study the one-loop correction
to dijet processes and other similar processes, identify the characteristic feature of all possible
divergences and demonstrate that the most important correction is the Sudakov type dou-
ble logarithmic terms. The appearance of Sudakov double logarithms, i.e., α¯s ln
2 (P 2⊥/k
2
⊥),
requires another type of resummation, namely, the Sudakov resummation [21, 22], since
α¯s ln
2 (P 2⊥/k
2
⊥) can be of order 1 when P
2
⊥ ≫ k2⊥.
Therefore, it is important to know whether or not we can consistently compute and
perform the Sudakov resummation in the saturation formalism, in the presence of small-x
resummation. Through an explicit calculation of the production of Higgs particle with mass
M and transverse momentum k⊥ in pA collisions, we show that one can consistently resum
Sudakov type double logarithms and small-x single logarithms simultaneously. The Higgs
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boson production process in pA collisions is one of the simplest process which allows us to
compute Sudakov factors, including the double logarithmic term α¯s ln
2 (M2/k2⊥) and single
logarithmic term α¯s ln (M
2/k2⊥) exactly, since this process can be effectively viewed as a
2→ 1 process (gg → h(k⊥,M)) without final state interactions at leading order. Thus, the
one-loop correction to the Higgs boson inclusive production is relatively simpler to compute
as compared to the dijet processes.
The result for Higgs boson production in pA collisions has been summarised and published
earlier in Ref [23], in which we also comment on the phenomenological application of the
Sudakov resummation in the saturation formalism to the dijet processes. This manuscript
not only contains many more details on the the calculation of the Higgs boson production,
but also provides the calculation for all the possible dijet productions in pA collisions and
in deep inelastic scattering (DIS).
Furthermore, we find that there is another interesting and simple example, i.e., the heavy
quark pair production in DIS, which only has final state interactions. This process can be
viewed as the reverse process of the Higgs boson productions in terms of the color flow. One
can also easily show that this process contains a similar Sudakov double logarithmic term
at the one-loop order but with an additional 1
2
factor.
In addition, the Sudakov logarithms typically have a factor C depending on the color
flow, which has been absorbed into the definition of α¯s ≡ αsC2π in the above expression. The
color factor C is process dependent, which implies that it has to be determined case by case
for various dijet production processes.
Last but not least, the complete evaluation of the one-loop corrections is too compli-
cated to do, even for the Higgs boson production. However, the leading power contributions
are much easier to obtain. Especially, the Sudakov double logarithms, which is the most
important leading power contribution at one-loop order, can be computed. Therefore, in
the following section, we first develop some useful technical tools through the detailed cal-
culation of the one-loop correction to Higgs boson production in pA collisions and heavy
quark pair production in DIS. After that, we evaluate the one-loop order graphs for various
dijet production processes in pA collisions and in DIS, and determine the corresponding
coefficients C for the Sudakov double logarithmic terms. The computation of the single
Sudakov logarithms and other subleading contributions are less straightforward and more
subtle, similar to that for the threshold resummation for hard processes such as heavy quark
pair production and dijet production, where a matrix form has to be used [24]. We leave
this for future studies.
The bottom line is that the Sudakov double logarithmic terms and small-x type loga-
rithms can be resumed simultaneously and independently in the saturation formalism. This
conclusion holds for many processes, such as Higgs boson production, heavy quark pair
productions and back-to-back dijet production in pA collisions as well as in DIS.
Therefore, after the Sudakov double logarithms resummation, the differential cross section
of Eq. (1) can be modified as
dσ
dy1dy2dP
2
⊥d2k⊥
∝ H(P 2⊥)
∫
d2x⊥d2y⊥eik⊥·R⊥e−Ssud(P⊥,R⊥)W˜xA(x⊥, y⊥) , (2)
where the Sudakov factor can be written as
Ssud = αs
π
C
∫ P 2
⊥
c20/R
2
⊥
dµ2
µ2
ln
P 2⊥
µ2
. (3)
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where c0 is defined in the following calculations and R⊥ = x⊥ − y⊥. The C coefficient
is identified in the Sudakov double logarithmic factor. The main object of this paper to
evaluate C for all the partonic processes in eA and pA collisions by a detailed analysis of
gluon radiation at one-loop order.
The physics behind the above arguments and the following analysis in this paper can be
understood as follows. The gluon radiation comes from three different regions, for a partic-
ular partonic channel in pA collisions: (1) collinear gluon parallel to the incoming nucleon;
(2) collinear gluon parallel to the incoming nucleus; (3) soft gluon radiation. For example,
for one-gluon radiation contribution to the Born diagram of the above hard processes in pA
collisions, we can parameterize the radiated gluon momentum as
q = αqp1 + βqp2 + q⊥ , (4)
where p1 and p2 denote the four momenta of incoming partons in the partonic process. Since
the phase space of the radiated gluon will be integrated out to obtain the final differential
cross section, we need to consider the three different momentum regions discussed above.
The momentum region of (1) corresponds to αq ∼ O(1), whereas βq ≪ 1, which contributes
to the collinear divergence associated with the parton distribution from the nucleon. For
region (2), the dominant collinear gluon radiation parallel to the nucleus requires not only βq
of order 1, but also close to 1, i.e., 1−βq ≪ 1. Effectively, because of q⊥ ∼ k⊥ ≪M(P⊥), this
leads to αq → 0. This corresponds to the rapidity divergence at one-loop order, which can be
absorbed into the renormalization of the un-integrated gluon distribution of the nucleus in
the small-x limit. Region (3) concerns the Sudakov double logarithms where αq ∼ βq ≪ 1.
The gluon radiation in this kinematic region depends on the overall color flow in the hard
partonic processes. That is why the Sudakov double logarithms have simple counting rule
as briefly mentioned above and will be extensively analyzed in the following sections. The
kinematics of the three regions are well separated, and at the leading power of k⊥/M(P⊥),
they can be factorized into various factors. The resummation for the collinear gluon parallel
to the nucleon can be performed by DGLAP evolution of the integrated parton distributions;
for the collinear gluons parallel to the nucleus the resummation can be performed by BK-
JIMWLK evolution; for the soft gluon radiation the resummation be done with the Sudakov
method (the so-called Collins-Soper-Sterman evolution [22]).
The rest of this paper is organized as follows. In Sec. II, we present a detailed derivation
for Higgs boson production in pA collisions in the small-x factorization formalism, where
we show that the Sudakov resummation can be performed consistently with the small-x
resummation. In particular, the three different regions of gluon radiation mentioned above
will be analyzed, and the factorization is demonstrated at one-loop order. In this section,
we will also present the basic techniques for our computation, which we will apply later for
more complicated hard processes. In Sec. III, we extend our discussions to heavy quark
pair production in deep inelastic scattering of eA collisions, where again it is the WW gluon
distribution from the nucleus that contributes at the leading power of heavy quark mass. Sec.
IV is devoted to the discussion of dijet production in DIS processes. In Sec. V, we summarize
the generic structure of soft gluon radiation for two-particle productions, and the leading
double logarithms are identified for various partonic processes. The analysis is focused in
the collinear factorization framework with dilute-dilute scattering processes. In Sec. VI, we
derive the double logarithms for the quark jet-photon production in pA collisions, where the
dipole gluon distribution from the nucleus contributes. In this section, we will also identify
the small-x evolution for the dipole gluon distribution from the nucleus. By comparing
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FIG. 1. Leading order contribution to the Higgs boson production in pA collisions.
with that for the Higgs boson production where the WW gluon distribution contributes, we
understand the small-x resummation is consistently resummed in our framework. The one-
loop calculations clearly demonstrate that for different gluon distributions (dipole vs WW),
different evolution equations will apply. Of course, in the dilute limit, they will be identical,
i.e., both reduce to the BFKL. In Sec. VII, the analysis of the double logarithms is extended
to various dijet production processes in pA collisions. The leading double logarithmic terms
will be identified. We summarize our paper in Sec. VIII.
II. HIGGS BOSON PRODUCTION IN pA COLLISIONS
Similar to the complete one-loop calculation in Ref. [25], as demonstrated in Ref. [26], we
can adopt the so-called dilute-dense factorization (also known as the hybrid factorization)
to simplify the calculation in this manuscript, since the proton projectile is considered to
be dilute as compared to the dense large nucleus target. Therefore, we use collinear gluon
distribution for the incoming gluons (the horizontal gluon as shown in Fig. 1) from the
proton projectile. Due to the high gluon density in the large nucleus target, multiple gluon
interactions (represented by the vertical gluon as shown in the Fig. 1) have to be taken
in account. Thus, we need to use the unintegrated gluon distribution for the incoming
gluon from the target nucleus. Because Higgs particles do not carry any color, the final
state interaction is absent. It is then easy to see that the relevant un-integrated gluon
distribution should be the so-called WW gluon distribution [9, 10].
Calculated from Fig. 1, the leading order cross section for producing Higgs (or heavy scalar
particles) with forward rapidity y and transverse momentum k⊥ in pA collisions[27, 28], can
be written as
dσLO
dyd2k⊥
= σ0xpgp(xp)
∫
d2x⊥d2x′⊥
(2π)2
e−ik⊥·(x⊥−x
′
⊥
)SWW (x⊥, x′⊥) (5)
where σ0 =
g2φ
4g2(N2c−1)(1−ǫ) . S
WW (x⊥, x′⊥), which represents the WW gluon distribution in
the coordinate space and resums the initial state multiple interactions, is defined as
SWW (x⊥, x′⊥) = −
〈
Tr
[
∂iU(x⊥)
]
U †(x′⊥)
[
∂iU(x′⊥)
]
U †(x⊥)
〉
xg
, (6)
where the fundamental Wilson line
U(x⊥) = P exp
{
igS
∫ +∞
−∞
dx+ T cA−c (x
+, x⊥)
}
, (7)
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with A−c (x
+, x⊥) being the gluon field solution of the classical Yang-Mills equation inside
the large nucleus target. As mentioned earlier, we can use the collinear gluon distribution
xpgp(xp) where xp = τ ≡ Mey√s with M ≫ k⊥ being the mass of the Higgs particle. According
to kinematics, one can also find that xg =
Me−y√
s
which gives the longitudinal momentum
fraction of the incoming gluon distribution with respect to that of the target nucleus per
nucleon. The minus sign in SWW (x⊥, x′⊥) ensures that the above correlation function is
positive since the derivatives bring down two factors of −ig from the exponent of the Wilson
lines. The notation 〈· · · 〉xg in Eq. (6) indicates the random colour charge average over the
large nucleus wave function and implies the small-x evolution of the relevant correlators
inside. Here ǫ = 4−D
2
is the dimensional regularization parameter. The factor of 1
1−ǫ comes
from the average of the polarization for the incoming gluon according to the convention
in the dimensional regularization. This factor is universal for all diagrams at higher order,
therefore we always factorize this factor into the leading order cross section when we perform
the one-loop calculation in terms of the dimensional regularization.
Before we start the detailed evaluation for the one-loop amplitudes for the Higgs boson
production, let us briefly discuss the usual divergences that we are anticipating at the one-
loop order from the point of view of the leading order cross section. First of all, when the
radiated gluon is collinear to the proton projectile, or more precisely, the initial state gluon
which comes from the proton, we find the collinear divergence which is corresponding to the
renormalization of the incoming collinear gluon distribution xpgp(xp). The renormalization of
this collinear gluon distribution is governed by the well-known DGLAP evolution equation.
Furthermore, there should be the so-called rapidity divergence, which appears when the
rapidity of the radiated gluon is reaching −∞. The appearance of the rapidity divergence is
simply due to the high energy limit which puts both the projectile and targets on the light
cone. It comes from the region where the radiated gluon becomes collinear to the target
nucleus. It is natural to associate this type of divergence with the renormalization of the wave
function of the target nucleus, which is represented by the WW correlator SWW (x⊥, x′⊥).
As known before, the WW correlator satisfies the following small-x evolution equation[29]
∂
∂Y
SWW (x⊥, x′⊥) =
∫
KDMMX ⊗ SWW (x⊥, x′⊥)
= −αsNc
2π2
∫
d2z⊥
(x⊥ − x′⊥)2
(x⊥ − z⊥)2(z⊥ − x′⊥)2
SWW (x⊥, x′⊥) + · · · (8)
The exact form of the kernel KDMMX is rather complicated, which is the reason that only
the first term is listed above while the rest are abbreviated. Nevertheless, we have checked
that we can reproduce every term of this evolution equation in our calculation when the
WW correlator SWW (x⊥, x′⊥) is involved.
There are three different ways to compute the Sudakov factor associated with the Higgs
boson productions in pA collisions when we evaluate the one-loop contributions to this
process. The first approach is the momentum space evaluation which is already presented in
Ref. [23]. The second way to evaluate the one-loop contribution is based on the dipole model
in the coordinate space representation which will be provided as follows. Last, we give a
heuristic derivation of the Sudakov factor in this process in which the physical meaning is
more transparent.
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A. The derivation of the Sudakov factor in the dipole model
Following the dipole formalism which allows us to resum multiple scatterings easily into
Wilson lines in either fundamental representations or adjoint representations, we can com-
pute cross sections in coordinate space, which is in general expressed in terms of splitting
functions and scattering amplitudes. There is an underlying assumption in our calculation
which is the scattering energy of the collision is so high that the size of the target nucleus
L is always much smaller than the coherence time of the fluctuated gluon. Therefore, we
just need to consider the case that the multiple interaction with the target nucleus either
happens before or after the gluon splitting, but not during the gluon splitting.
To perform the calculation for the one-loop Higgs boson productions in pA collisions in
coordinate space, we need to first derive the splitting functions involved in the calculations.
There are three types of splitting functions (g → gg, g → gh and h → gg) which appear
in this calculation. For the coupling vertex between two gluons with momenta k1, k2 and
the Higgs particle, we employ the following effective Feynman rule igφδab(k1 ·k2gµν −k1νk2µ)
which comes from the effective Lagrangian
Leff = −1
4
gφΦF
a
µνF
aµν . (9)
This effective coupling has been used in many different calculations, e.g., see Refs. [27, 28, 30].
The g → gg splitting function, which is already known[10, 20], can be written as
Ψg→gg (ξ, k⊥) =
√
2ξ(1− ξ)
p+
1
k2⊥(
1
ξ
k⊥ · ǫ(2)⊥ ǫ(1)∗⊥ · ǫ(3)⊥ +
1
1− ξ k⊥ · ǫ
(3)
⊥ ǫ
(1)∗
⊥ · ǫ(2)⊥ − k⊥ · ǫ(1)∗⊥ ǫ(2)⊥ · ǫ(3)⊥
)
, (10)
where ǫ
(1)∗
⊥ is the transverse polarization vector of the incoming gluon, whereas ǫ
(2),(3)
⊥ are
the polarizations of the outgoing gluons. ξ, (1− ξ) are the longitudinal momentum fractions
of outgoing gluons. After the Fourier transform, we can obtain the splitting function in the
coordinate space
Ψg→gg (ξ, u⊥) =
√
2ξ(1− ξ)
p+
2πi
u2⊥(
1
ξ
u⊥ · ǫ(2)⊥ ǫ(1)∗⊥ · ǫ(3)⊥ +
1
1− ξ u⊥ · ǫ
(3)
⊥ ǫ
(1)∗
⊥ · ǫ(2)⊥ − u⊥ · ǫ(1)∗⊥ ǫ(2)⊥ · ǫ(3)⊥
)
. (11)
After summing over all polarizations, the squared splitting function in transverse coordinate
space reads[10]∑
Ψ∗g→gg(ξ, u
′
⊥)Ψg→gg(ξ, u⊥) = (2π)
2 4
p+
[
ξ
1− ξ +
1− ξ
ξ
+ ξ(1− ξ)
]
u′⊥ · u⊥
u′2⊥u
2
⊥
. (12)
For the g → gh splitting function, using the effective coupling between the Higgs particle
and gluons, we obtain the vertex and propagator contributions in momentum space
Ψg→gh (ξ, k⊥) =
√
ξ
2(1− ξ)p+
1
k2⊥ + (1− ξ)M2
(
1
2
k2⊥ǫ
(1)∗
⊥ · ǫ(2)⊥ − k⊥ · ǫ(1)∗⊥ k⊥ · ǫ(2)⊥
)
, (13)
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(a) (b1) (b2)
x⊥
b⊥ x⊥x⊥
b⊥b⊥
v⊥ v⊥
FIG. 2. The type (a) and (b) graph at the amplitude level. The graph (a) also includes the
situation in which small-x gluons exchange between the unobserved gluon and target nucleus.
where M, ξ are the mass and the longitudinal momentum fraction of the Higgs boson h. In
the coordinate space, the above expression can be cast into
Ψg→gh (ξ, u⊥) = −
√
ξ
2(1− ξ)p+
2π
u2⊥
K(ǫfu⊥)
(
1
2
ǫ
(1)∗
⊥ · ǫ(2)⊥ −
1
u2⊥
u⊥ · ǫ(1)∗⊥ u⊥ · ǫ(2)⊥
)
. (14)
The splitting kernel defined above
K(ǫfu⊥) = 2ǫfu⊥K1(ǫfu⊥) + ǫ
2
fu
2
⊥K0(ǫfu⊥), (15)
where ǫ2f = (1− ξ)M2 and K0,1 are modified Bessel functions of the second kind. If one sets
ǫ2f = 0, one can easily find K(0) = 2 and reproduce the splitting function used in Ref. [28].
For the virtual graphs, we also need to use the h → gg splitting function, which in
momentum space can be written as
Ψh→gg (ξ, k⊥) =
√
1
2ξ(1− ξ)p+
1
k2⊥ − ξ(1− ξ)M2
(
1
2
k2⊥ǫ
(2)
⊥ · ǫ(3)⊥ − k⊥ · ǫ(2)⊥ k⊥ · ǫ(3)⊥
)
. (16)
In the coordinate space, this function can be cast into
Ψh→gg (ξ, u⊥) = −
√
1
2ξ(1− ξ)p+
2π
u2⊥
K(ǫ′fu⊥)
(
1
2
ǫ
(2)
⊥ · ǫ(3)⊥ −
1
u2⊥
u⊥ · ǫ(2)⊥ u⊥ · ǫ(3)⊥
)
, (17)
where ǫ′2f = −ξ(1− ξ)M2.
With the above splitting functions, we can now write down the cross sections for the one-
loop Higgs boson productions in pA collisions graph by graph. First of all, let us consider
the type (a) graph as shown in Fig. 2(a) which only involves the g → gg splitting function
and thus the Higgs boson can only be produced after the splitting occurs. After integrating
over the phase space of the unobserved gluon, the square of the type (a) diagram gives
dσpA→hXa
dyd2k⊥
= p+αsNcσ0
∫ 1
τ
dξxg(x)
∫
d2x⊥
(2π)2
d2x′⊥
(2π)2
d2b⊥
(2π)2
×e−ik⊥·(x⊥−x′⊥)
∑
Ψ∗g→gg (ξ, u
′
⊥)Ψg→gg (ξ, u⊥)S
WW (x⊥, x′⊥) (18)
where the last line represents the WW gluon distribution in the coordinate space due to the
resummation of the initial state interactions. According to the definition of the splitting
8
function, we always define u⊥ = x⊥ − b⊥ and u′⊥ = x′⊥ − b⊥. The kinematics requires that
1 ≥ x = τ
ξ
≥ τ ≡ Mey√
s
, where we define ξ to be the longitudinal momentum fraction of the
split gluon, which eventually turns into Higgs boson at the transverse coordinate x⊥ (or at
x′⊥ in the complex conjugate of the amplitude) after interacting with the target nucleus, with
respect to the horizontal incoming gluon. This implies that the unobserved gluon, which is
at the position b⊥1, carries the momentum fraction 1− ξ.
Since the multiple interactions between the unobserved gluon and target nucleus cancel
between the amplitude and complex conjugate amplitude for the above case, Eq. (18) is
directly proportional to SWW (x⊥, x′⊥). However, such cancellation does not happen for
the interference graphs between the type (a) and type (b) diagrams, which we shall see
immediately in the following calculation.
It is not hard to see that this type of contribution has both the rapidity divergence and
collinear divergence. The rapidity divergence, which is the contribution in the ξ → 1 limit,
leads to the real graph contribution of the first terms of Eq. (8). The collinear divergence
comes from the configuration that the radiated gluon is collinear to the incoming gluon from
the proton projectile.
The contribution from the sum of type (b) graphs, as shown in Fig. 2 (b1) and (b2), can
be written as
dσpA→hXb
dyd2k⊥
= p+4αs(N
2
c − 1)σ0
∫ 1
τ
dξxg(x)
∫
d2x⊥
(2π)2
d2x′⊥
(2π)2
d2b⊥
(2π)2
×e−ik⊥·(x⊥−x′⊥)
∑
Ψ∗g→gh (ξ, u
′
⊥)Ψg→gh (ξ, u⊥)
×
[
S˜(2)(v⊥, v′⊥) + 1− S˜(2)(b⊥, v⊥)− S˜(2)(v′⊥, b⊥)
]
(19)
where the four scattering amplitudes in the last line come from four different combination
of the initial and final state multiple interactions. Here v⊥ = ξx⊥ + (1 − ξ)b⊥ represents
the coordinate of the incoming gluon. The gluon dipole amplitude S˜(2)(x⊥, y⊥) is defined as
1
N2c−1
〈
TrW (x⊥)W †(y⊥)
〉
xa
, where W (x⊥) is the Wilson line in the adjoint representation.
Using the identity
S˜
(2)
Y (x⊥, y⊥) =
1
N2c − 1
[〈
TrU(x⊥)U †(y⊥)TrU(y⊥)U †(x⊥)
〉
Y
− 1] , (20)
it is straightforward to show that the contribution from type (b) graphs in the ξ → 1 limit
generates the corresponding part of the small-x evolution equation for the WW correlator.
For the interference diagrams between the type (a) and (b) graphs, we can cast the cross
1 The integration over the phase space of the unobserved gluon, which generates the two dimensional delta
function δ(2)(b⊥ − b′⊥), identifies its transverse position in the complex conjugate amplitude to be same
as that in the amplitude.
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FIG. 3. Two types of virtual graphs with the gluon loop.
section into
dσpA→hX(a)×(b)
dyd2k⊥
= −2ip+αsσ0
∫ 1
τ
dξxg(x)
∫
d2x⊥
(2π)2
d2x′⊥
(2π)2
d2b⊥
(2π)2
×e−ik⊥·(x⊥−x′⊥)
∑
Ψ∗g→gh (ξ, u
′
⊥) Ψg→gg (ξ, u⊥){
TrU †(x⊥)
[
ǫ
(2)∗
⊥ · ∂U(x⊥)
]
U †(b⊥)U(v′⊥)TrU
†(v′⊥)U(b⊥)
−TrU †(x⊥)
[
ǫ
(2)∗
⊥ · ∂U(x⊥)
]
U †(v′⊥)U(b⊥)TrU
†(b⊥)U(v′⊥)
}
+2ip+αsσ0
∫ 1
τ
dξxg(x)
∫
d2x⊥
(2π)2
d2x′⊥
(2π)2
d2b⊥
(2π)2
×e−ik⊥·(x⊥−x′⊥)
∑
Ψ∗g→gg (ξ, u
′
⊥)Ψg→gh (ξ, u⊥){
TrU †(x′⊥)
[
ǫ
(2)
⊥ · ∂U(x′⊥)
]
U †(b⊥)U(v⊥)TrU †(v⊥)U(b⊥)
−TrU †(x′⊥)
[
ǫ
(2)
⊥ · ∂U(x′⊥)
]
U †(v⊥)U(b⊥)TrU †(b⊥)U(v⊥)
}
. (21)
Similarly, this type of contribution contains rapidity divergence but no collinear divergence.
As we have mentioned earlier and shown in Eq. (21), the multiple interactions between the
radiated gluon and the target nucleus does not cancel for the interference diagrams, which
is the reason that the Wilson lines are quite complicated in Eq. (21).
Let us now turn to the virtual graphs. There are two types of virtual diagrams as shown
in Fig. 3. The left virtual graph in Fig. 3 is nothing but the gluon self-energy correction to
the leading order diagram. It can be simply cast into
dσpA→hXva
dyd2k⊥
= −1
2
p+αsNcσ0xpg(xp)
∫ 1
0
dξ
∫
d2v⊥
(2π)2
d2v′⊥
(2π)2
d2u⊥
(2π)2
×e−ik⊥·(v⊥−v′⊥)
∑
Ψ∗g→gg (ξ, u⊥) Ψg→gg (ξ, u⊥)S
WW (v⊥, v′⊥), (22)
where the factor of 1
2
is the symmetry factor coming from two identical gluons in the closed
gluon loop. It is straightforward to see that this graph has both the rapidity divergence and
the collinear singularity.
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FIG. 4. Two types of virtual graphs with the gluon loop.
The right virtual graph in Fig. 3 yields
dσpA→hXvb
dyd2k⊥
= −ip+αsσ0xpg(xp)
∫ 1
0
dξ
∫
d2v⊥
(2π)2
d2v′⊥
(2π)2
d2u⊥
(2π)2
×e−ik⊥·(v⊥−v′⊥)
∑
Ψ∗h→gg (ξ, u⊥) Ψg→gg (ξ, u⊥){
TrU †(v′⊥)
[
ǫ
(1)
⊥ · ∂U(v′⊥)
]
U †(x⊥)U(b⊥)TrU †(b⊥)U(x⊥)
−TrU †(v′⊥)
[
ǫ
(1)
⊥ · ∂U(v′⊥)
]
U †(b⊥)U(x⊥)TrU †(x⊥)U(b⊥)
}
+ip+αsσ0xpg(xp)
∫ 1
0
dξ
∫
d2v⊥
(2π)2
d2v′⊥
(2π)2
d2u′⊥
(2π)2
×e−ik⊥·(v⊥−v′⊥)
∑
Ψ∗g→gg (ξ, u
′
⊥)Ψh→gg (ξ, u
′
⊥){
TrU †(v⊥)
[
ǫ
(1)∗
⊥ · ∂U(v⊥)
]
U †(x′⊥)U(b
′
⊥)TrU
†(b′⊥)U(x
′
⊥)
−TrU †(v⊥)
[
ǫ
(1)∗
⊥ · ∂U(v⊥)
]
U †(b′⊥)U(x
′
⊥)TrU
†(x′⊥)U(b
′
⊥)
}
. (23)
Of course, this graph contains the rapidity divergence and contributes to the small-x evolu-
tion of the WW correlator. The collinear divergence of this diagram is a little bit hard to
see but it can show up later in our calculation.
For the virtual diagrams with quark loops as shown in Fig. 4. The left virtual graph in
Fig. 4 gives a contribution, which is very similar to the gluon loop as shown in Eq. (22), as
follows
dσpA→hXvq
dyd2k⊥
= −p+αsTfNfσ0xpg(xp)
∫ 1
0
dξ
∫
d2v⊥
(2π)2
d2v′⊥
(2π)2
d2u⊥
(2π)2
×e−ik⊥·(v⊥−v′⊥)
∑
Ψ∗g→qq¯ (ξ, u⊥) Ψg→qq¯ (ξ, u⊥)S
WW (v⊥, v′⊥), (24)
where Tf =
1
2
and Nf represents the number of quark flavors. The g → qq¯ splitting function
Ψ∗g→qq¯ (ξ, u⊥) can be found in Ref. [10, 25] and its sum is∑
Ψ∗g→qq¯ (ξ, u⊥)Ψg→qq¯ (ξ, u⊥) =
2
p+
(2π)2
[
ξ2 + (1− ξ)2] 1
u2⊥
. (25)
The right virtual graph in Fig. 4 does not generate any logarithms in this process, therefore
it is neglected in this calculation.
Now we can evaluate all the one-loop contributions by following the same procedure as
developed in Ref. [25]. First of all, we need to subtract the rapidity divergence from the
above contributions, since we can show that the right-hand side of the small-x evolution of
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the WW gluon distribution, as derived in Ref. [29], can be found as the coefficient of the
rapidity divergence in the ξ → 1 limit when we add all the above contributions together.
As a matter of fact, the rapidity of the radiated gluon goes to −∞ when ξ → 1 and this
gluon becomes collinear to the target nucleus. Second, we should compute and identify the
collinear singularities by using dimensional regularization, and absorb the collinear singular-
ities into the incoming collinear gluon distribution from the proton projectile according to
the corresponding DGLAP equation. In the meantime, in order to simplify the calculation,
we always work in the leading power approximation in the k2⊥ ≪ M2 limit, which means
that we perform the power expansion in terms of
k2
⊥
M2
and only keep the contribution which
is not suppressed by factors of
k2
⊥
M2
as comparing to the leading order cross section. At the
end of the day, the Sudakov logarithms should appear from the soft region of the radiated
gluon, where k+ ∼ k− ∼ k⊥. Within the leading power approximation, the corresponding
graphs must contain both the rapidity divergence and collinear divergence in order to have
the soft gluon radiation which contributes to the Sudakov factor.
Using the above technique, we can examine the above one-loop contributions, and find
out the Sudakov factor. According to our observation, Eqs (19) and (21) only contribute
to the small-x evolution of the WW correlator in the ξ → 1 limit, but do not contribute to
the Sudakov factor, since they are suppressed by factors of
k2
⊥
M2
when ξ 6= 1. Therefore, only
Eqs. (18), (22) and (23) contain the leading power contributions to the Sudakov factor.
Let us first study Eq. (18) which is calculated from the type (a) real graph only. It is
straightforward to show that Eq. (18) can be cast into
dσpA→hXa
dyd2k⊥
= 4αsNcσ0
∫
d2x⊥
(2π)2
d2x′⊥
(2π)2
e−ik⊥·R⊥SWW (x⊥, x
′
⊥)
×
∫
d2q⊥
(2π)2
e−iq⊥·R⊥
1
q2⊥
∫ 1
τ
dξxg(x)
[
ξ
1− ξ +
1− ξ
ξ
+ ξ(1− ξ)
]
, (26)
where R⊥ = x⊥ − x′⊥ and q⊥ can be interpreted as the transverse momentum of the un-
observed gluon. The last line of the above contribution can be rewritten according to the
definition of the plus-function as follows∫
d2q⊥
(2π)2
e−iq⊥·R⊥
1
q2⊥
∫ 1
τ
dξxg(x)
[
ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ)
]
+xpg(xp)
∫
d2q⊥
(2π)2
e−iq⊥·R⊥
1
q2⊥
∫ 1
0
dξ
1
1− ξ . (27)
It is clear that one can identify the first term, which only contains the collinear singularity
and is proportional to
1
4π
[
ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ)
](
−1
ǫ
+ ln
c20
µ2R2⊥
)
(28)
in the MS scheme, as part of the DGLAP splitting function Pgg which contributes to the
renormalization of the collinear gluon distribution xg(x).
The second term is a little bit more subtle, since it contains both the rapidity divergence
and collinear singularity. From the kinematics of the leading order graph, we know
xpxgs =M
2 + k2⊥ ≃M2. (29)
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The high energy limit means that we take the limit s → ∞ and xg → 0, but keep their
product finite to ensure the above kinematical constraint. For the real diagrams at the one-
loop order, according to the energy-momentum conservation, we should have the constraint
xpx
′
gs =
M2
ξ
+
q2⊥
1− ξ , (30)
where x′g represents the sum of the longitudinal momentum fraction that the vertical gluons
carry with respect to the target nucleus at the one-loop order. It is clear that x′g does not
have to be the same as xg which is defined according to the leading order kinematics. When
we take ξ → 1 limit, we can find
ξ < 1− q
2
⊥
xps
, (31)
which sets upper limit of the ξ integration. If we take the high energy limit for this config-
uration, namely s → ∞, we can integrate over ξ up to 1 as shown above. Let us take s to
be large but finite for now and compute the ξ integral in the second term of Eq. (27) which
gives ∫ 1− q2⊥
xps
0
dξ
1
1− ξ = ln
(
xps
q2⊥
)
= ln
1
xg
+ ln
M2
q2⊥
, (32)
where Eq. (29) has been used in arriving at the above expression. In fact, the above two
logarithms come from the kinematical region 1 − q2⊥
M2
< ξ < 1 − q2⊥
xps
and 0 < ξ < 1 − q2⊥
M2
,
respectively. It is clear that the first logarithm ln 1
xg
, accompanied by a factor of αs, is
exactly the same small-x logarithm which is resummed by solving the small-x evolution
equation. Furthermore, as we are going to show in the following discussion, the second
logarithm yields the Sudakov factor. The separation of these two types of large logarithms
are clear and therefore both the small-x resummation and the Sudakov resummation can
be done simultaneously and independently in the saturation formalism. In addition, if we
take the high energy limit again, which yields xg → 0 as s→∞, the logarithmic term ln 1xg
becomes divergent and should be absorbed into the renormalization of the WW correlator
according to the corresponding small-x evolution equation.
Now the integral in question, which is divergent, is
µ2ǫ
∫
d2−2ǫq⊥
(2π)2−2ǫ
e−iq⊥·R⊥
1
q2⊥
ln
M2
q2⊥
, (33)
where we have shifted the dimension of the integral from 2 to 2−2ǫ according to the common
practice dimensional regularization. With the MS subtraction scheme, we find that the above
integral yields
1
4π
[
1
ǫ2
− 1
ǫ
ln
M2
µ2
+
1
2
(
ln
M2
µ2
)2
− 1
2
(
ln
M2R2⊥
c20
)2
− π
2
12
]
(34)
where c0 = 2e
−γE and γE is the Euler constant. The detail of the evaluation is provided in
the appendix.
Following the same procedure, the virtual contributions can be evaluated similarly in
dimensional regularization as well. It is straightforward to find that first type virtual graph
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as given in Eq. (22), after subtracting the rapidity divergent contribution, can be cast into
the following integral
1
2
∫ 1
0
dξ
[1− ξ(1− ξ)]2 − 1
ξ(1− ξ)
∫
d2u⊥
(2π)2
1
u2⊥
. (35)
The last integral can be also written as
∫
d2q⊥
(2π)2
1
q2
⊥
in the momentum space. In dimensional
regularization convention, this scale invariant integral is required to be zero since it has both
the infrared (IR) and ultraviolet (UV) divergence. In practice, we can write it as∫
d2q⊥
(2π)2
1
q2⊥
=
1
4π
(
− 1
ǫIR
+
1
ǫUV
)
(36)
where ǫIR = ǫ = ǫUV. Taking the dξ integration, which gives −116 , into account, we can find
that Eq. (22) is then proportional to
− 11
12
1
4π
[(
−1
ǫ
+ ln
Q2
µ2
)
+
(
1
ǫUV
− ln Q
2
µ2
)]
. (37)
The quark loop contribution contains no rapidity divergence and requires no subtraction.
Through a similar calculation, we find that, after dividing over the common factor, Eq. (24)
yields,
Nf
6Nc
1
4π
[(
−1
ǫ
+ ln
Q2
µ2
)
+
(
1
ǫUV
− ln Q
2
µ2
)]
, (38)
where Q2 is the scale which the strong coupling is measured. It is natural to set Q to be
identical to the Higgs boson mass M . Adding these two contributions together we obtain
− 1
4π
[
β0
(
−1
ǫ
+ ln
M2
µ2
)
+ β0
(
1
ǫUV
− lnM
2
µ2
)]
, (39)
where β0 =
11
12
− Nf
6Nc
. The UV divergent part of the above contribution, after factorizing out
the leading order cross section, reads
− αs
π
Ncβ0
(
1
ǫUV
− lnM
2
µ2
)
. (40)
It can be naturally interpreted as the colour charge renormalization. By noting the αs
dependence in σ0 ∝ 1αs that we have defined in the LO calculation, and comparing to the
one-loop order result that we have obtained above, we find that the renormalized coupling
can be written as
1
αs(M2)
=
1
α0s
[
1− α
0
s
π
Ncβ0
(
1
ǫUV
− lnM
2
µ2
)]
=
1
αs(µ2)
+
Ncβ0
π
ln
M2
µ2
, (41)
where 1
αs(µ2)
≡ 1
α0s
− Ncβ0
π
1
ǫUV
. The above equation exactly gives the one-loop QCD running
coupling and renormalization equation for αs by differentiating over µ
2 and requiring that
both sides of the equation is independent of choice of the scale µ2.
The infrared divergent contribution, combined with the real graph contribution as in
Eq. (28), gives rise to
− 1
ǫ
αs
π
Nc
∫ 1
τ
dξxg(x)Pgg(ξ) (42)
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where Pgg(ξ) is the full g → gg DGLAP type splitting function which is defined as
Pgg(ξ) = ξ
(1− ξ)+ +
1− ξ
ξ
+ ξ(1− ξ) + β0δ(1− ξ). (43)
It is then clear that this part of contribution corresponds to the renormalization of the
collinear gluon distribution xg(x). As for the single logarithmic terms in Eq. (28) and ln M
2
µ2
from above, we can choose the factorization scale µ2 =
c20
R2
⊥
and obtain the single logarithmic
contribution to the Sudakov factor as follows
αs
π
Ncβ0 ln
M2R2⊥
c20
. (44)
At last, we need to evaluate the virtual contribution from Eq. (23). The complete eval-
uation of Eq. (23) is quite complicated. However, the leading power contribution, which is
without any suppression of
k2
⊥
M2H
, can be obtained easily by expanding x⊥, b⊥ at the vicinity
of v⊥. Therefore, the leading power contribution can be written as
dσpA→φXvb
dyd2k⊥
= 4ip+αsNcσ0xpg(xp)
∫ 1
0
dξ
∫
d2v⊥
(2π)2
d2v′⊥
(2π)2
d2u⊥
(2π)2
e−ik⊥·(v⊥−v
′
⊥
)
×
∑
Ψ∗h→gg (ξ, u⊥) Ψg→gg (ξ, u⊥)
×uj⊥
{
TrU †(v′⊥)
[
ǫ
(1)
⊥ · ∂U(v′⊥)
]
U †(v⊥)∂jU(v⊥)
}
. (45)
Using the definition of the relevant splitting functions which have been calculated earlier
which yields∑
Ψ∗φ→gg (ξ, u⊥) Ψg→gg (ξ, u⊥) = i
(2π)2
p+u4⊥
K(ǫ′fu⊥)
1
2ξ(1− ξ)u⊥ · ǫ
(1)∗
⊥ , (46)
and taking into account the angular integration of u⊥ which turns ui⊥u
j
⊥ into
1
d
u2⊥,
2 one can
cast the above result into
dσpA→φXvb
dyd2k⊥
= −αsNcσ0xpg(xp)
∫
d2v⊥d
2v′⊥
(2π)2
e−ik⊥·(v⊥−v
′
⊥
)
∫ 1
0
dξ
ξ(1− ξ)
2
d
∫
d2u⊥
(2π)2
K(ǫ′fu⊥)
u2⊥
{
TrU †(v′⊥)
[
∂iU(v′⊥)
]
U †(v⊥)
[
∂iU(v⊥)
]}
. (47)
Following the procedure illustrated above, we should subtract the rapidity divergence, which
contributes to the small-x evolution of the WW correlator, and factorize out the tree level
cross section. After that, the integrals in question is
2
d
∫ 1
0
dξ
ξ(1− ξ)
∫
d2u⊥
(2π)2
K(ǫ′fu⊥)− 2
u2⊥
, (48)
2 It is important to keep in mind that we are doing calculation in the dimensional regularization which
changes the number of transverse dimension from 2 to d = 2+2ǫ in the coordinate space according to the
convention used in this manuscript.
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with K(ǫ′fu⊥) = 2ǫ
′
fu⊥K1(ǫ
′
fu⊥) + ǫ
′2
f u
2
⊥K0(ǫfu⊥). The above divergent integral can be
either evaluated in the momentum space or in the coordinate space in the dimensional
regularization. The detail of the evaluation can be found in the appendix. Using the MS
scheme, we can find Eq. (48) gives
1
π
(
− 1
ǫ2
+
1
ǫ
ln
M2
µ2
− 1
2
ln2
M2
µ2
+
π2
2
+
π2
12
)
. (49)
At the end of the day, by putting all the above real and virtual contributions together,
which cancels all the divergent terms, and factorizing out the leading order contribution, we
arrive at the following Sudakov factor at the one-loop order
αs
π
Nc
(
β0 ln
M2R2⊥
c20
− 1
2
ln2
M2R2⊥
c20
+
π2
2
)
, (50)
with µ2 =
c20
R2
⊥
.
Our calculations at one-loop order in the above demonstrate that the Sudakov factors
are well-separated from the small-x and DGLAP type of logarithms. To resum the Sudakov
large logarithms, we follow the Collins-Soper-Sterman procedure [22]. In particular, we
can write down an evolution equation with respect to the hard scale M2. By solving the
differential equation, we can resum the differential cross section as follows,
dσ(resum)
dyd2k⊥
|k⊥≪M = σ0
∫
d2x⊥d2x′⊥
(2π)2
eik⊥·R⊥e−Ssud(M
2,R2
⊥
)SWWY=ln1/xg(x⊥, x
′
⊥)
×xpgp(xp, µ2 = c
2
0
R2⊥
)
[
1 +
αs
π
π2
2
Nc
]
, (51)
where the Sudakov form factor contains all order resummation
Ssud(M2, R2⊥) =
∫ C22M2
C21/R
2
⊥
dµ2
µ2
[
A ln
C22M
2
µ2
+B
]
, (52)
where C1,2 are parameters in order of 1. The hard coefficients A and B can be calculated
perturbatively: A =
∞∑
i=1
A(i)
(
αs
π
)i
. From the explicit results for the one-loop calculations,
we find that they are A(1) = Nc and B
(1) = −β0Nc, where we have chosen the so-called
canonical variables for C1 = c0 and C2 = 1.
As compared to Ref. [31] which takes the αs correction of gφ into account, we find the
above coefficients are consistent with the known results [32] except for B(1) which differs
by a factor of 2. This difference is due to the fact that the virtual gluon and quark loops
associated with the vertical small-x gluon lines of Fig. 3 are usually considered in the small-
x evolution of the relevant scattering amplitude at NLO, therefore are not included in this
small-x factorization for the calculation of the Sudakov factor, see, e.g., the discussions in
Ref. [33]. We believe that this is due to generic difference between the small-x saturation
formalism and the normal transverse momentum dependent factorization formalism, which
usually applies to the large x regime where parton densities are dilute. We expect that
this calculation can be applied to processes, such as two-photon productions[34] and heavy
quarkonium productions in pA collisions[35].
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In the process of the above one-loop calculation, we can derive four different renormal-
ization group equations, namely, the DGLAP equation, the small-x evolution equation, the
colour charge renormalization group equation and the CSS type evolution equation. The
above result resums all the leading large logarithms of αs ln 1/x and αs ln
2 (M2/k2⊥) as well
as the DGLAP type logarithms. Provided that the next-to-leading order evolution for the
WW gluon distribution and and all other possible NLO corrections will be calculated in the
future, together with the additional A(2) coefficient which is universal, the above result can
be extended to include the resummation of next-to-leading logarithms.
B. Heuristic Derivation
Here we provide a more heuristic derivation for the Sudakov factor for the forward Higgs
boson production in pA collisions. For the sake of simplicity, we use cut-off instead of dimen-
sional regularization to regularize divergences. As far as the Sudakov factor is concerned,
the following discussion is correct and adequate, but some assumptions may not be exactly
accurate.
It is well-known that large logarithms can be generated due to incomplete real and virtual
graph cancellation when the phase space for additional gluon emission is limited. In other
words, in principle, there is normally no large logarithms for inclusive observables, since
the complete real and virtual cancellation are expected in this case. For the forward Higgs
boson productions in pA collisions, in order to produce a Higgs boson with fixed transverse
momentum k⊥, loosely speaking, we should restrict the transverse momentum of the emitted
gluon to be less than k⊥. This is corresponding to put a constraint on the real emission
while the phase space of the virtual graphs are unrestricted. Since Sudakov factors can be
physically interpreted as the probability for emitting no gluons with transverse momenta
greater than k⊥, we should be able to extract the Sudakov factor by simply studying the
different constraints on real and virtual graphs. If we were to integrated over the Higgs
boson transverse momentum k⊥, we would not get any Sudakov factor.
The Sudakov factor can be easily obtained through the following probability conservation
argument. First, at one loop order, it is conceivable that the sum of the probability (P<(k⊥))
that no gluon with transverse momentum greater than k⊥ is emitted, and the probability
(P>(k⊥)) that one gluon with transverse momentum larger than k⊥ is radiated should be
unity, namely, P<(k⊥) + P>(k⊥) = 1. Usually it is easier to compute P>(k⊥), since it only
involves real emissions and it does not have IR divergence, while the computation of P<(k⊥)
is slightly harder since it involves both the real and virtual graphs and IR divergence is
cancelled between real and virtual graphs. For the UV divergence, we always work under the
assumption that real and virtual diagrams cancel when k⊥ > M in this part of discussion,
thus the Higgs mass M naturally serves as the UV cutoff. At the one-loop order, the
Sudakov factor is nothing but P<(k⊥) or 1−P>(k⊥) according to its physical interpretation.
Therefore, there are two equivalent ways to compute the Sudakov factor at the one-loop
order. The first way is to consider only the real gluon emissions with transverse momentum
greater than k⊥ but less thanM , which gives P>(k⊥). The alternative method is to compute
only the virtual graphs with transverse momentum l⊥ integrated in the region k⊥ < l⊥ < M
under the assumption that cancellations happen everywhere else. This yields −P>(k⊥)
which also allows us to obtain the Sudakov factor.
If one is willing to believe that certain real-virtual cancellation must occur, without ex-
plicitly verifying those cancellations, the calculation given in Sec. IIA can be considerably
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FIG. 5. Three relevant graphs in the heuristic derivation.
simplified with the double logarithmic term emerging almost trivially. We begin by explain-
ing the cancellations that occur in terms of the three graphs of Fig. 5, the only graphs, in
light cone gauge, that we shall need for this discussion. However, we remind the reader
that much of the confidence that we have in this heuristic presentation stems from the more
complete calculation which we have just presented. Fig. 6 illustrates the kinematic regions
of the unmeasured gluon (real or virtual) having transverse momentum l⊥ and longitudinal
momentum fraction (1−ξ)x of the incident proton’s momentum. The transverse momentum
of the Higgs boson is k⊥ and its longitudinal momentum fraction is τ . For graphs (a) and
(b) of Fig. 5, τ = x while for graph (c) of Fig. 5, τ = xξ. We shall start with a focus on the
region 1− ξ < ǫ where ǫ is some small number; that is the gluon (l⊥, 1− ξ) is a soft gluon.
If the transverse momentum of the Higgs boson were not measured, or if k⊥
M
∼ 1, there
would be only single DGLAP and small-x logarithms, and all Sudakov logarithms would
disappear due to a real-virtual cancellation. But this must mean that when l⊥
k⊥
≪ 1, there
should also be a real-virtual cancellation. This corresponds to a cancellation between graphs
(a) and (c) of Fig. 5 with graph (b) being small when l⊥
k⊥
≃ l⊥
q⊥
≪ 1. In light cone perturbation
theory this cancellation is almost manifest: Graph (c) is the lowest order Higgs boson
production amplitude times the probability that the initial gluon has an additional gluon
(l⊥, 1− ξ) in its wave function, Graph (a), along with the corresponding complex conjugate
amplitude, must be the negative of graph (c) by probability conservation. Then in Fig. 6
the region shaded with horizontal lines, l⊥
k⊥
< 1, does not give a Sudakov contribution due
to a cancellation of graphs (a) and (c), a real-virtual cancellation. To the right of line b in
Fig. 6, that is when l⊥
k⊥
> 1, graph (c) ceases to contribute because the Higgs boson and
the gluon (l⊥, 1 − ξ) will have balancing transverse momentum. Graph (b) only becomes
important when the life time of the gluon (l⊥ + q⊥, 1− ξ) becomes as long as the formation
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b
a
1− ξ = l2⊥
M2
1− ξ = l2⊥
s
(2mpL)
(1− ξ)
l⊥
1
k2
⊥
M2
k2
⊥
s
(2mpL)
k⊥ M
ǫ
FIG. 6. The kinematic regions of the emitted gluon in the target rest frame, where L is the
longitudinal size of the target nucleus, s is the center of mass energy of the collision, mp is the rest
mass of nucleons. Graphs (a) and (c) of Fig. 5 cancel approximately in the horizontally shaded
area, while graphs (a) and (b) cancel in the vertically shaded region between the line 1 − ξ = l2⊥
M2
and the line 1− ξ = l2⊥s (2mpL). In this heuristic discussion, the parameter ǫ is just a small number
between 0 and 1, and should not be confused with the parameter in the dimensional regularization
which we used in the previous discussion.
time for the Higgs boson which occurs when
(1− ξ)xp+
(l⊥ + q⊥)2
=
xp+
M2
, (53)
as indicated by line a in Fig. 6 when q⊥ is negligible as compared to l⊥. Thus the region
between lines a and b in Fig. 6 is the Sudakov region and is evaluated solely from graph (a)
in Fig. 5. To the right of line a of Fig. 6, graph (a) and (b) cancel. Thus the Sudakov double
logarithmic contribution is
2
(
−1
2
)
g2Nc
(2π)3
∫ M2
k2
⊥
πdl2⊥
l2⊥
∫ 1− l2⊥
M2
0
2dξ
1− ξ = −
αsNc
2π
ln2
M2
k2⊥
. (54)
The integrand in Eq. (54) is the negative of the probability that a bare gluon emits an
additional gluon (l⊥, 1 − ξ) in forming the dressed gluon wave function. At the double
logarithmic level Eq. (54) agrees with Eq. (50).
Single logarithmic contributions are located along lines a and b and for 1−ξ < ǫ in Fig. 6.
Our strategy for evaluating the single logarithmic Sudakov terms is to integrate, for fixed
1 − ξ, between l⊥ = 0 and l⊥ = l(0)⊥ , with l(0)⊥ lying between lines a and b, using graphs
(a) and (c) and then integrate graphs (a) and (b) between l
(0)
⊥ and l⊥ = M . We find it
convenient, however, to do these evaluations in transverse coordinate space.
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1. The contribution across line b
The correction to the Born graph for Higgs boson production due to graphs (a) and (c)
in the region x20 < b
2
⊥ <∞ with 1/x0 = l(0)⊥ is straightforwardly given by
C1 = −αsNc
π2
∫
Θ(b2⊥ − x20)d2b⊥
[
1
b2⊥
− b⊥ · (b⊥ − x
′
⊥)
b2⊥(b⊥ − x′⊥)2
]
, (55)
where we have taken x⊥ = 0 in graphs (a) and (c) to simplify the calculation. The first term
on the right hand side of Eq. (55) is from graph (a) while the second corresponds to graph
(c). Using ∫ 2π
0
dφb⊥
2π
b⊥ − x′⊥
(b⊥ − x′⊥)2
= −x
′
⊥
x′2⊥
Θ(x′2⊥ − b2⊥) =
R⊥
R2⊥
Θ(R2⊥ − b2⊥), (56)
one easily gets, with R⊥ = x⊥ − x′⊥,
C1 = −αsNc
π
ln
R2⊥
x20
. (57)
The integration over ξ will be done later.
2. The contribution across line a
The integration of graphs (a) and (b) across line a, between b2⊥ = 0 and b
2
⊥ = x
2
0⊥ (where
x⊥ has been taken to be zero again) is not so easy. We shall begin by writing the graphs
in light cone perturbation theory in momentum space and then transform to transverse
coordinate space. Then
C2 = −αsNc
π2
∫
d2l⊥
[
1
l2⊥
− 2l⊥ · (l⊥ + q⊥)q⊥ · (l⊥ + q⊥)− l⊥ · q⊥(l⊥ + q⊥)
2
l2⊥q
2
⊥ [(l⊥ + q⊥)
2 +m2]
]
, (58)
where
m2 = −M2(1− ξ). (59)
We do the calculation with M2, in Eq. (59), having a negative value and at the end analyt-
ically continue M2 back to its positive physical value. Thus while doing the calculation we
suppose m2 in Eq. (58) is positive. Eq. (58) can be written as
C2 = −αsNc
π2
∫
d2l⊥
li
l2⊥
[
li
l2⊥
+
qj
q2⊥
δij(l⊥ + q⊥)2 − 2(l + q)i(l + q)j
[(l⊥ + q⊥)2 +m2]
]
. (60)
In Eqs. (58) and (60), the first term on the right hand side comes from graph (a) while the
second term comes from graph (b).
Using
li
l2⊥
=
i
2π
∫
d2z⊥e−il⊥·z⊥
zi
z2⊥
(61)
and
1
(l⊥ + q2⊥)2 +m2
=
1
2π
∫
d2b⊥K0(mb⊥)ei(q⊥+l⊥)·b⊥ , (62)
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one gets
C2 = −αsNc
π2
∫
d2l⊥d2z⊥
i
2π
e−il⊥·z⊥
zi
z2⊥
I, (63)
with
I =
∫
d2b⊥
[
− i
2π
eil⊥·b⊥
bi
b2⊥
− qi
2πq2⊥
(δijδkl − 2δilδjk)K0(mb⊥)∇k∇lei(q⊥+l⊥)·b⊥
]
. (64)
One integration by parts in Eq. (64) is safe, so
I =
∫
d2b⊥
[
− i
2π
eil⊥·b⊥
bi
b2⊥
+
qi
2πq2⊥
(δijδkl − 2δilδjk)∇kK0(mb⊥)∇lei(q⊥+l⊥)·b⊥
]
. (65)
The integration in Eq. (65) is convergent at b⊥ = 0 but not sufficiently convergent to do a
second integration by parts. Introduce a cutoff for b⊥ρ and then integrate by parts, one gets
I = lim
ρ→0
(I1 + I2) , (66)
where
I1 =
∫
d2b⊥Θ(b⊥ − ρ) qj
2πq2⊥
(δijδkl − 2δilδjk)∇l
(∇kK0(mb⊥)ei(q⊥+k⊥)·b⊥) , (67)
and
I2 =
∫
d2b⊥Θ(b⊥−ρ)eil⊥·b⊥
[
− i
2π
bi
b2⊥
− qi
2πq2⊥
eiq⊥·b⊥ (δijδkl − 2δilδjk)∇k∇lK0(mb⊥)
]
. (68)
It is straightforward to partially integrate Eq. (67) to find
I1 =
∫
b⊥=ρ
dφb⊥
bkbl
b2⊥
qi
2πq2⊥
(δijδkl − 2δilδjk) ei(q⊥+k⊥)·b⊥ , (69)
Substituting Eq. (69) into Eq. (63) and first doing the d2l⊥ integration gives
C2,1 = −αsNc
π
. (70)
Next substitute Eq. (68) into Eq. (63) and integrate over l⊥ and z⊥, one finds
C2,2 = −αsNc
π2
∫
d2b⊥
[
1
b2⊥
− ibiqj
b2⊥q
2
⊥
eiq⊥·b⊥
(
δij∇2 − 2∇i∇j
)
K0(mb⊥)
]
. (71)
Anticipating that the final integration over d2q⊥ will give no additional angular dependence,
we may average over direction of q⊥ to get the leading power contribution
C2,2 = −αsNc
π2
∫
d2b⊥
[
1
b2⊥
+
ibibj
2b2⊥
(
δij∇2 − 2∇i∇j
)
K0(mb⊥)
]
. (72)
Now recall that the b⊥ integral should be limited to 0 < b2⊥ < x
2
0 for C2. Doing the integral
in Eq. (72) over the region 0 < b2⊥ < x
2
0 gives
C2,2 = −αsNc
π
[
ln
x20m
2
4
+ 2γE − 1
]
. (73)
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with γE the Euler constant. Adding Eq. (70) and Eq. (73) finally yields
C2 = −αsNc
π
[
ln
x20m
2
4
+ 2γE
]
. (74)
Now turn to the ξ-integration. The ξ-integral goes from 1 − ξ = k2⊥
M2
, the intersection of
lines a and b in Fig. 6 up to ǫ. (The region (1−ξ) > ǫ will shortly be considered separately.)
Then, going from momentum space limits to coordinate space, and recalling that at the
moment M2 < 0,
C =
∫ ǫ
−4
M2R2
⊥
d(1− ξ) (C1 + C2)
= −αsNc
π
∫ ǫ
−4
M2R2
⊥
d(1− ξ)
[
ln
R2⊥
x20
+ ln
x20m
2
4
+ 2γE
]
. (75)
We note that all x0 dependence cancels. Using Eq. (59) in Eq. (75),
C = −αsNc
2π
[(
ln
−M2R2⊥
4
− ln 1
ǫ
)2
+ 2γE ln
−M2R2⊥ǫ
4
]
. (76)
Now continue M2 to positive values, take the real part of C and drop non-logarithmic
terms. (The answer in Eq. (76) comes partly from a complex conjugate amplitude. Taking
the real part corresponds to opposite direction of continuation in the amplitude and complex
conjugate amplitude.) One finds
C = −αsNc
2π
[
ln2
M2R2⊥
4
+ 2
(
2γE − ln 1
ǫ
)
ln
M2R2⊥
4
− π2
]
. (77)
The upper limit ǫ in Eq. (75) is somewhat arbitrary, and we shall see that the ǫ-dependence
in Eq. (77) will be exactly cancelled when we evaluate the contribution of the 1 − ξ > ǫ
region. The lower limit of the integral in Eq. (75) is also somewhat arbitrary. We might,
more generally, write this lower limit as −M2R2⊥
4
ζ with ζ a constant. One can check that with
such a lower limit the result in Eq. (77) remains unchanged, that is the single and double
logarithmic contributions are insensitive to the details of the exact point where lines a and
b of Fig. 6 cross.
Now turn to the 1 − ξ > ǫ contribution. When l2⊥ < k2⊥, there are single DGLAP
logarithms which are included in the evolution of the gluon distribution of the proton.
(Graphs (a) and (c) do not cancel when 1 − ξ > ǫ and l⊥ < k⊥ because the x-value for
the gluon distribution corresponding to graph (a) and (b) is x = τ , while for graph (c) it is
x = τ
ξ
and for 1 − ξ > ǫ, these different x-values can destroy the real-virtual cancellation.)
Thus only graph (a) is important and leads to a contribution
C
′
= −αsNc
π
∫ M2
4
R2
⊥
dl2⊥
l2⊥
∫ 1/2
ǫ
d(1− ξ)
[
1− ξ
ξ
+
ξ
1− ξ + ξ(1− ξ)
]
, (78)
or
C
′
= −αsNc
π
ln
M2R2⊥
4
(
ln
1
ǫ
− 11
12
)
. (79)
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Lx⊥
0⊥
td = p
+x2⊥ ∼ p
+
q2
⊥
tx =
p+
M2
H
FIG. 7. The dipole graph corresponding to the graph shown in Fig. 5 (b).
Adding Eq. (77) and Eq. (79) along with quark loops corresponding to graph (a) gives
Eq. (50). Including a resummation of Sudakov logarithms, small-x single logarithmic terms
and multiple scattering in a nucleus target leads to Eq. (51). Finally we note that, in terms
of the kinematics shown in Fig. 6, the single logarithmic region is located at l⊥ ∼ k⊥ and
k2
⊥
s
(2mpL) < 1−ξ < k
2
⊥
M2
. The highest momentum small-x gluons just match onto the softest
Sudakov gluons, but there is no overlapping of their kinematic domains.
In addition, we can also use the dipole picture as show in Fig. 7 to understand the
separation of the small-x resummation and the Sudakov resummation. In this dipole graph,
the incoming gluon is either located at the coordinate 0⊥ or at x⊥ and the outgoing Higgs
particle is produced after the scattering with the target nucleus with longitudinal size L. We
always assume that the scattering energy is so high that p
+
M2
≫ L with p+ = s
2mp
in the target
rest frame. Because the incoming gluon is massless while the outgoing Higgs particle has a
mass M which is much larger than its transverse momentum q⊥, the time region before and
after (roughly separated by the dotted line) the scattering are asymmetric. If the lifetime
of the virtual fluctuation tf =
l+
l2
⊥
, with l+ = (1− ξ)p+ is in the region L < tf < tx = p+M2H , we
can attribute it to the small-x fluctuation which gives the small-x evolution. If the virtual
fluctuation has a lifetime in the region tx =
p+
M2H
< tf < td =
p+
q2
⊥
, then it can be characterized
as the Sudakov fluctuation which only contribute to the Sudakov factor. Therefore, in time,
the Sudakov fluctuation happens before the small-x fluctuations so that there can be no
interference between them.
III. THE SUDAKOV FACTOR FOR HEAVY QUARK PAIR PRODUCTION
This section is devoted to the calculation of the Sudakov double logarithm for heavy
quark pair productions in DIS. We will not provide much detail for this calculation since
it bears a lot of resemblance to that of the Higgs boson productions in pA collisions. The
main objective is to compute the coefficient of the Sudakov double logarithm, which has an
additional factor of 1
2
as compared to the double logarithmic term in Higgs boson production.
To avoid additional complication, we assume that the transverse momentum of each
produced heavy quark k⊥i is not too much larger than the saturation momentum, and so is
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x1 x
′
1
x2 x
′
2
FIG. 8. The LO Born diagram for producing heavy quark pairs in DIS in small-x limit.
the virtuality of the photon Q2. Therefore, the only large scale in this problem is the heavy
quark mass mq.
The leading order cross section for heavy quark pair productions in DIS, as shown in
Fig. 8, can be written as [10]
dσγ
∗
T,LA→qq¯
d3k1d3k2
= Ncαeme
2
qδ(p
+ − k+1 − k+2 )
∫
d2x1
(2π)2
d2x′1
(2π)2
d2x2
(2π)2
d2x′2
(2π)2
×e−ik1⊥·(x1−x′1)e−ik2⊥·(x2−x′2)
∑
λαβ
ψT,Lλαβ0 (x1 − x2)ψT,Lλ∗αβ0 (x′1 − x′2)
×
[
1 + S(4)xg (x1, x2; x
′
2, x
′
1)− S(2)xg (x1, x2)− S(2)xg (x′2, x′1)
]
, (80)
where
ψT λαβ0(p
+, z, r) = 2π
√
2
p+

iǫ′fK1(ǫ
′
f |r|) r·ǫ
(1)
⊥
|r| [δα+δβ+(1− z) + δα−δβ−z]
+δα−δβ+mqK0(ǫ′f |r|), λ = 1,
iǫ′fK1(ǫ
′
f |r|) r·ǫ
(2)
⊥
|r| [δα−δβ−(1− z) + δα+δβ+z]
+δα+δβ−mqK0(ǫ′f |r|), λ = 2,
(81)
ψLαβ0(p
+, z, r) = 2π
√
4
p+
z(1− z)QK0(ǫ′f |r|)δαβ , (82)
and ǫ′2f = z(1 − z)Q2 +m2q . Due to the large quark mass mq as compared to the saturation
momentum, one can easily find that u⊥ ≪ v⊥ with u = x1 − x2 and v = zx1 + (1 − z)x2.
Therefore, in the heavy quark mass limit, the last line of Eq. (80) can be further simplified
as
− uiu′j
1
Nc
〈Tr [∂iU(v)]U †(v′) [∂jU(v′)]U †(v)〉xg . (83)
Similar to the Higgs boson productions in pA collisions, the LO cross section is proportional
to the WW gluon distribution since this process only has final state interactions, while there
is only initial state interactions in the Higgs boson productions.
Now we study the one-loop correction of this process by emitting one extra gluon from
the quark line. The important difference that we have to take into account is the quark
mass which modifies the light cone denominator and therefore the splitting function. The
light cone denominator now becomes
1
Eq + Eg −Eq0 =
ξ(1− ξ)p+
l2⊥ + ξ
2m2q
, (84)
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FIG. 9. The left graph yields a Sudakov double logarithm with a color factor CF while the right
graph is power suppressed or suppressed by powers of Nc. Eventually the combination of these
two graphs give the color factor Nc2 for the Sudakov double logarithm. By including the other two
similar real graphs, one can show that the effective color factor is actually Nc.
where l⊥ is the relative transverse momentum between the quark and radiated gluon and ξ
is the longitudinal momentum fraction of the gluon as respect to the original quark. It is
crucial to note that the coefficient in front of the quark mass squarem2q is now ξ
2 which yields
a factor of 1
2
as compared to the Higgs boson production where the coefficients are either
−ξ(1 − ξ) or ξ for the Sudakov double logarithmic term. This particular effect associated
with the gluon radiation from a heavy quark is sometimes known as the ’dead-zone’ effect.
For the corresponding real contributions from Fig. 9 after factorizing out the contribution
from the Born diagram, one obtains
αsNc × 4
∫
d2l⊥
(2π)2
∫ 1
l2
⊥
s
dξ
ξ
[
l2⊥
(l2⊥ + ξ
2m2q)
2
]
e−il⊥·R⊥, (85)
with R⊥ = x1−x′1 ≃ v−v′. In the spirit of the power expansion, here we have used the fact
that the qq¯ pair has a very small transverse size and therefore v ≃ x1 ≃ x2. It is easy to check
the coefficient by comparing with the corresponding contribution to the small-x evolution
equation as indicated in Eq. 8 after transforming into coordinate space. Again, by following
the procedure developed in the Higgs boson production calculation, after subtracting off
the energy evolution contribution which is proportional to ln 1
xg
≃ ln s
m2q
, together with
the identities that we have derived in the Appendix and factorizing out the Born diagram
contribution, one finds that the contribution from Fig. 9 becomes
2αsNc
∫
d2l⊥
(2π)2
1
l2⊥
ln
m2q
l2⊥
e−il⊥·R⊥
=
αsNc
2π
[
1
ǫ2
− 1
ǫ
ln
m2q
µ2
+
1
2
ln2
m2q
µ2
− 1
2
ln2
m2qR
2
⊥
c20
+
π2
12
]
, (86)
in dimensional regularization with the MS scheme.
Let us now consider the virtual diagrams as shown in Fig. 10, which actually resembles
the right virtual graph in Fig. 3 in terms of the color structure. It is not surprising that
the calculation with respect to Fig. 10 is very similar to that of the right graph in Fig. 3.
By following the same procedure especially the power expansion, and keeping in mind that
u = x1 − x2 and u′ = x′1 − x′2 are very small as compared to other scales, we obtain the
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FIG. 10. Four virtual graphs which contribute to the Sudakov double logarithm. The leading Nc
contributions of the lower two graphs are power suppressed, and therefore are neglected. The large
Nc corrections of these four diagrams cancel each other, and give an effective color factor Nc when
the mirror diagrams are taken into account.
FIG. 11. Two typical self-energy type of virtual graphs.
following contribution after factorizing out the Born contribution
αs
Nc
2
× 2× 4
∫ 1
0
dξ
ξ
∫
d2l⊥
(2π)2
[
l2⊥
(l2⊥ + ξ
2m2q)
2
− 1
l2⊥
]
= −αsNc
2π
[
1
ǫ2
− 1
ǫ
ln
m2q
µ2
+
1
2
ln2
m2q
µ2
+
π2
12
+ · · ·
]
. (87)
Here the first factor of 2 is to take into account the complex conjugate amplitudes while the
factor of 4 is from the factor 2(1 + (1− ξ)2) in the splitting function in the small ξ limit.
We assume that there is no purely initial state radiative corrections, because the qq¯ pair
coming from the virtual photon is color neutral and has a very small transverse size. As
to the quark self energy diagrams as shown in Fig. 11, we believe that the sum of these
diagrams only contains single logarithms.
At the end of the day, by adding the real and virtual contributions together, one obtains
the Sudakov double logarithm term
− αsNc
4π
ln2
m2qR
2
⊥
c20
, (88)
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where R⊥ is conjugate to the typical transverse momentum of the produced heavy quark
pair. It is interesting to note that the coefficient of this Sudakov double logarithmic term
is half of that in the Higgs boson production case due to their generic difference in terms
of QCD interaction and dynamics. Due to the complexity of the problem, we will leave the
evaluation of the single logarithmic term and the constant correction for future studies.
IV. THE SUDAKOV FACTOR FOR DIJET PRODUTION IN DIS
This section of the paper is devoted to the derivation of the Sudakov double logarith-
mic term for the dijet productions in DIS from the corresponding one-loop calculation. A
collinear factorization approach to this problem can be found in Ref. [36].
The DIS dijet processes at low x limit is very important, since it provides us the direct
access to the well-known WW gluon distribution which has never been measured before. The
back-to-back dijet configuration, with jets’ transverse momentum k1⊥ and k2⊥, of this process
contains two separated scales, i.e., the large jet transverse momentum P⊥ ≡ 12 |k1⊥ − k2⊥|
and the small dijet momentum inbalance k⊥ ≡ |k1⊥ + k2⊥|. We define the total transverse
momentum carried by the gluons from the target hadron as q⊥, which is identical to the
dijet transverse momentum inbalance k⊥ at the leading order. We assume that the photon
virtuality Q2 is of the same order of P 2⊥ to simplify the calculation. In general, this problem is
harder than the Higgs boson production and heavy quark pair production cases.Nevertheless,
we find that there are a lot similarities between this calculation and the heavy quark pair
productions in DIS, and use similar techniques to obtain the Sudakov double logarithms. In
addition, we find that all the discussion in Sec. III on the color factor still holds. In addition,
the same sets of real and virtual graphs contribute to the Sudakov double logarithm.
There are two differences between the dijet process and the heavy quark pair production.
The first difference is quite obvious. In dijet production, the largest scale is now the jet
transverse momentum P⊥ while the mass the quarks are taken to be zero. The other differ-
ence comes from the jet cone singularity. In this section, we have to deal with the jet cone
singularities when the emitted gluon is collinear to the final state quark or antiquark, while
in the heavy quark pair production, this type of singularity is absent.
The LO calculation for dijet production in DIS is very similar to the one for the heavy
quark pair productions as shown in Eq. (80). One just needs to set the quark mass to zero
and take the transverse momenta k⊥i to be the large scale in the process. The LO cross
section can be written either in coordinate space or in momentum space which are both
available in Ref. [10].
For the one-loop correction to the Born amplitude, the sum of the real diagrams as
illustrated in Fig. 9 is proportional to
dσ
d3k1d3k2d3k3
∝ αemαsNc
∫
d2x1d
2x2d
2x3d
2x′1d
2x′2d
2x′3
(2π)12
e−ik1·(x1−x
′
1)e−ik2·(x2−x
′
2)e−ik3·(x3−x
′
3)
×ψγ∗→qq¯(α, x1 − v)ψ∗γ∗→qq¯(α, x′1 − v′)ψq→qg(ξ, x2 − x3)ψ∗q→qg(ξ, x′2 − x′3)
×
[
1 + S(4)xg (x1, v; v
′, x′1)− S(2)xg (x1, v)− S(2)xg (v′, x′1)
]
, (89)
where ψγ∗→qq¯ represents the initial photon splitting function into quark q (at x1) and an-
tiquark q¯ (at x2) while ψq→qg stands for the second splitting function from the quark into
a quark and a gluon (at x3). The full definitions for ψγ∗→qq¯ and ψq→qg can be found in
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Ref. [10]. With the definition v = (1 − ξ)x2 + ξx3 as the coordinate of the quark before
the splitting occurs, it is straightforward to check that the above coordinate expression can
reproduce the momentum space light-cone denominators. By taking the dijet correlation
limit, one can reduce the above scattering amplitudes into the WW form as
− uiu′j
1
Nc
〈Tr [∂iU(w)]U †(w′) [∂jU(w′)]U †(w)〉xg , (90)
where u = x1 − v and w = x1α+ v(1− α) which stand for the distance between the qq¯ pair
and center of mass coordinates of the qq¯ pair right after the photon splitting, respectively.
Also, one should integrate over the phase space of the radiated gluon (ξ, k⊥3) which sets
x3 = x
′
3. By using the Fourier transform
ψγ∗→qq¯(α, u) =
∫
d2l⊥ψγ∗→qq¯(α, l⊥)e−il⊥·u
and
uiψγ∗→qq¯(α, u) =
∫
d2l⊥e
−il⊥·u(−i)∂il⊥ψγ∗→qq¯(α, l⊥),
together with the approximation w ≃ x1 and w′ ≃ x′1 in the ξ → 0 limit (this means that
the radiated gluon has very little longitudinal momentum), one can integrate over x3, x2
and x′2 and find that the real contribution in Eq. (89) eventually factorizes into
σLO × 4αsNc
∫ 1
l2
⊥
/s
dξ
ξ
∫
d2l⊥
(2π)2
1
(l⊥ − ξP⊥)2 e
−il⊥·R⊥, (91)
where R⊥ ≃ w − w′ ≃ x1 − x′1 ∼ 1/q⊥ is large. Here P⊥ = k⊥2 (or k⊥1 depending on from
which the gluon is radiated) stands for the large jet transverse momentum which is much
larger than q⊥. The subtle part of the above derivation is to take ξ → 0 limit while keep
ξP⊥ finite. In Eq. (91), we have included the other half of real contributions in which the
gluon is first emitted from the quark.
Now the remaining work is to evaluate the integrals in Eq. (91) and extract the Sudakov
factor. Although the direct evaluation seems difficult, one can first average over the az-
imuthal angle of the P⊥, since one has the freedom to choose the orientation of the leading
jet as the azimuthal angle φ = 0 reference in a measurement. Using the identity
1
2π
∫ 2π
0
dθ
1
1 + a cos θ
=
1√
1− a2 , with a < 1, (92)
one can cast the above integral into∫ 1
l2
⊥
/s
dξ
ξ
∫
d2l⊥
(2π)2
1
|l2⊥ − ξ2P 2⊥|
e−il⊥·R⊥. (93)
Clearly the above integration has a collinear singularity at ξ = l⊥
P⊥
which is expected since
this comes from the region where the radiated gluon is collinear to the quark. Let us just
regularize this collinear singularity by putting a cutoff in the ξ integral which gives∫ l⊥
P⊥
(1−δ)
l2
⊥
/s
dξ
ξ
1
l2⊥ − ξ2P 2⊥
−
∫ 1
l
⊥
P⊥
(1+δ)
dξ
ξ
1
l2⊥ − ξ2P 2⊥
≃ 1
l2⊥
[
ln
1
xg
+
1
2
ln
1
4δ2
+
1
2
ln
P 2⊥
l2⊥
]
, (94)
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where δ ≪ 1 should depend the angular resolution of the jet measurement. The above
results contain three terms which correspond to three kinds of different physics.
The first term ln 1
xg
comes from the light-cone singularity of the problem and gives the
small-x resummation. After integrating over l⊥ with lower cutoff ǫ¯/R⊥ which depends on
the transverse energy resolution of the measurement, the second term eventually yields
αsNc
π
ln 1
ǫ¯
ln 1
δ2
(This term actually corresponds to the three body final states which should
be subtracted from the dijet cross section. Also the color factor should be CF instead of
Nc/2 since the right diagram in Fig. 9 does not have such collinear singularity.) Combining
the divergent contribution from the region that we have removed from the above integral
[ l⊥
P⊥
(1−δ), l⊥
P⊥
(1+ δ)] together with the virtual diagram contribution which is also divergent,
we should get −2αsCF
π
ln 1
ǫ¯
ln 1
δ2
which is the NLO correction of the dijet cross section. This
result differs from the three body final state result by a minus sign simply due to probability
conservation. At last, it is straightforward to see that the last term yields
2αsNc
∫
d2l⊥
(2π)2
1
l2⊥
ln
P 2⊥
l2⊥
e−il⊥·R⊥
=
αsNc
2π
[
1
ǫ2
− 1
ǫ
ln
P 2⊥
µ2
+
1
2
ln2
P 2⊥
µ2
− 1
2
ln2
P 2⊥R
2
⊥
c20
+ · · ·
]
. (95)
Similarly, for virtual diagrams shown in Fig. 10 and Fig. 11, one can do the similar
analysis and find out that only the four diagrams in Fig 10 contribute to the Sudakov
double logarithm which can be approximately cast into
σLO × 4αsNc
∫ 1
0
dξ
ξ
∫
d2l⊥
(2π)2
l⊥ · (l⊥ + ξP⊥)
l2⊥(l⊥ + ξP⊥)2
. (96)
Following the standard procedure, we should remove the rapidity divergence by subtracting
a term like 1/l2⊥ from the above virtual contribution which gives
− σLO × 4αsNc
∫ 1
0
dξ
ξ
∫
d2l⊥
(2π)2
ξP⊥ · (l⊥ + ξP⊥)
l2⊥(l⊥ + ξP⊥)
2
. (97)
Next, we should average over the azimuthal orientation of P⊥ which simplifies the calculation
dramatically. The angular average turns ξP⊥·(l⊥+ξP⊥)
l2
⊥
(l⊥+ξP⊥)2
into 1
l2
⊥
with the condition that l2⊥ <
ξ2P 2⊥. Now it is very simple to integrate over ξ for the virtual contribution and obtain
− 4αsNc
∫
d2l⊥
(2π)2
1
l2⊥
∫ 1
l⊥
P
⊥
dξ
ξ
= −2αsNc
∫
d2l⊥
(2π)2
1
l2⊥
ln
P 2⊥
l2⊥
∣∣∣∣
|l⊥|<P⊥
. (98)
Using the dimensional regularization in MS scheme with upper cutoff P⊥, the integration
over l⊥ gives
− αsNc
2π
[
1
ǫ2
− 1
ǫ
ln
P 2⊥
µ2
+
1
2
ln2
P 2⊥
µ2
+ · · ·
]
. (99)
At the end of the day, by combining the real and virtual contributions together as shown in
Eq. (95) and Eq. (99), respectively, one can find that the divergences cancel and obtain the
following Sudakov double logarithm
SSud(R⊥, P⊥) =
αsNc
4π
ln2
P 2⊥R
2
⊥
c20
+ · · · , (100)
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with R⊥ ≃ 1/q⊥ ≫ 1/P⊥. The effective color factor C of the Sudakov double logarithm for
DIS dijet processes is found to be Nc
2
, which is the same as the heavy quark pair productions
in DIS. It is natural to interpret this effective color factor as the product of the Nc factor
and the 1
2
factor. The Nc factor simply comes from the observation that the final state
back-to-back qq¯ pair acts like a gluon, which effectively yields the color factor Nc. On the
other hand, the factor of 1
2
is more intricate. This factor comes from the dynamics that the
additional gluon is radiated from the final state quarks with large transverse momentum
P⊥. The similar situation also occurs in the heavy quark pair production, where the gluon
is radiated from quarks with large masses. It is interesting to note that the ξ-dependent
coefficient (either (1−ξ) or ξ(1−ξ)) in front of the Higgs boson mass square is always linear
when it vanishes. As a comparison, we find that such coefficient for the heavy quark pair
or dijet productions in DIS is always quadratic in terms of function of ξ when it vanishes.
This brings this interesting factor of 1
2
from the integration over ξ.
Therefore, including the Sudakov factor obtained from the one loop calculation, the cross
section for dijet productions in DIS becomes
dσγ
∗A→qq¯X
dy1dy2d2P⊥d2q⊥
= σ0(P
2
⊥, Q
2, z)
∫
d2r⊥
∫
d2b⊥e−iq⊥·b⊥SWW (x⊥, x′⊥)e
−SSud(b⊥,P⊥), (101)
where σ0(P
2
⊥, Q
2, z) is calculated from the Born diagrams[10]. Here we define b⊥ = x⊥− x′⊥
and r⊥ = 12(x⊥ + x
′
⊥). If one neglects the impact parameter r⊥ dependence in the WW
corrlator SWW (x⊥, x′⊥), then d
2r⊥ integration becomes trivial and just yields the area of the
target S⊥.
V. GENERAL STRUCTURE OF SOFT GLUON RADIATION FOR TWO PAR-
TICLE PRODUCTION
Two-particle production in pA collisions come from the hard partonic 2 → 2 processes.
Before we go into the detailed derivation in the small-x formalism, in this section, we discuss
the general structure in these processes in the collinear factorization approach calculations,
i.e., in the dilute-dilute scattering. Again, we analyze one gluon radiation contribution to
the leading order Born 2→ 2 diagrams, in particular, focusing on the soft gluon contribution
to the leading double logarithms in these hard processes. In Ref. [37], the collinear gluon
radiation in dijet production has been analyzed, and it was found that the gluon radiation
at one-loop order can be written into the collinear splitting function of the incoming parton
distributions. In this paper, we will study the gluon radiation in the soft momentum region,
and focus on the leading double logarithmic contribution. In addition, we work in the center
of mass frame of the incoming two particles. The soft gluon momentum can be parameterized
by
kg = αgp1 + βgp2 + kg⊥ , (102)
where α and β are momentum fractions of the incoming partons carried by the radiated
gluon. p1 and p2 are the four momentum of the incoming nucleon and the incoming nucleus,
respectively. Soft gluon radiation corresponds to the kinematics: kg⊥ ∼ αgp1 ∼ βgp2.
Therefore, we will take the limit of αg, βg ≪ 1.
All of the results in this section has been well studied in the literature, in particular, in a
series papers by Sterman et al., in the context of threshold resummation [24]. Although the
detailed resummation formalism is different, the soft gluon radiation share some common
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features between transverse momentum resummation and the threshold resummation. The
soft gluon radiation is an example.
A. Eikonal Approximation
For soft gluon radiations, we can apply the leading power expansion and derive the
dominant contribution by the Eikonal approximation. We listed these rules in Fig. 12. For
our convenience, we also choose the physical polarization of the radiated gluon along p2:
ǫ(kg) ·p2 = 0. This will simplify the derivation, and in particular, we do not need to consider
the gluon radiation from the gluon line from the nucleus, which is consistent with the small-x
calculations.
For outgoing quark line, we have
2kµ1
2k1 · kg + iǫ , (103)
where k1 represents the momentum of the outgoing quark. For the antiquark, we have
− 2k
µ
2
2k2 · kg + iǫ , (104)
where k2 denotes the momentum of the outgoing antiquark. We notice that the above also
hold for massive quark lines. The only difference is that k21 = m
2
q, instead of k
2
1 = 0 for
massless case. For incoming gluon line, we have,
2pµ1
2p1 · kg − iǫ , (105)
where p1 represents the momentum for the incoming gluon For incoming quark line,
2pµ1
2p1 · kg + iǫ . (106)
For outgoing gluon line,
2kµ2
2k2 · kg + iǫ . (107)
In the above we only list the momentum dependence of these Eikonal approximation, the
associated color factor shall be worked out accordingly.
Once we have the above eikonal approximation of the soft gluon radiation in the scattering
amplitude, we can calculate the contribution to the leading double logarithmic terms for the
soft gluon radiation. For example, from the amplitude squared of the initial state gluon
radiation,
2pµ1
2p1 · kg − iǫ
2pν1
2p1 · kg + iǫ ×
(
−gµν +
kµg p
ν
2 + k
ν
gp
µ
2
kg · p2
)
=
2p1 · p2
p1 · kgp2 · kg =
4
k2g⊥
, (108)
where we have applied the physical polarization for the radiated gluon and the on-shell
condition of Eq. (102) to derive the last equation. Integrating out the phase space of the
above result will lead to the following double logarithm,∫
d3kg
(2π)32Ekg
4
k2g⊥
eikg⊥·R⊥ =
1
π
∫
d2k⊥
(2π)2
1
k2g⊥
ln
P 2⊥
k2g⊥
eikg⊥·R⊥ , (109)
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− kµ2k2·kg+iǫkg
k2
k
µ
i
ki·kg+iǫkg
ki
p
µ
1
p1·kg−iǫkg
− pµ1p1·kg−iǫkg
p
µ
1
p1·kg+iǫkg
k
µ
1
k1·kg+iǫkg
k1 p1
p1
p1
FIG. 12. Eikonal approximation in the soft gluon radiations.
where P⊥ represents the hard momentum scale in the two-particle production processes.
Performing the dimensional regulation, we will obtain,
1
4π2
[
1
ǫ2
− 1
ǫ
ln
P 2⊥
µ2
− 1
2
(
ln
P 2⊥R
2
⊥
c20
)2
+ · · ·
]
, (110)
where we have omitted terms which are not important for this part of the discussions. The
1/ǫ divergent terms will be cancelled by the virtual diagrams, and we are left with a double
logarithmic term. In particular, we will identify the above result as the leading double
logarithmic term in the soft gluon radiation in the hard processes.
Similarly, for the final state radiation,
2kµ1
2k1 · kg − iǫ
2kν1
2k1 · kg + iǫ ×
(
−gµν +
kµg p
ν
2 + k
ν
gp
µ
2
kg · p2
)
=
2k1 · p2
k1 · kgp2 · kg , (111)
where we have assumed the massless case. However, as shown in the calculations for dijet
production in DIS process in the last section, the above contributes only half of what in
Eq. (110). To summarize, the momentum integrals have the following counting for the size
of the leading double logarithms,
2p1 · p2
p1 · kgp2 · kg ⇒ 1 ,
2k1 · p2
k1 · kgp2 · kg ⇒
1
2
,
2k2 · p2
k2 · kgp2 · kg ⇒
1
2
,
2k1 · k2
k1 · kgk2 · kg ⇒ 0 . (112)
The last equation shows that it does not contribute to the leading double logarithmic terms
in the soft gluon radiation, although it may contribute to the single logarithm.
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We can also translate the above rules to the amplitude squared contributions. For exam-
ple, the amplitude squared of pµ1 contributes to a factor of 1, whereas that of k
µ
1 to a factor
of 1/2. We list the rules for these calculations,
pµ1p
ν
1 ⇒ 1 ,
kµ1k
ν
1 ⇒
1
2
,
kµ2k
ν
2 ⇒
1
2
,
pµ1k
ν
1 ⇒
1
2
,
pµ1k
ν
2 ⇒
1
2
,
kµ1k
ν
2 ⇒
1
2
. (113)
Therefore, in the following, we will show how to construct the leading double logarithmic
contributions from soft gluon radiations in the hard processes, by calculating all the soft
gluon radiation amplitude and their interferences. The technique is to sum all the leading
terms, together with the correct color factors.
B. Reproduce the Leading Double Logarithms in Drell-Yan and Higgs boson pro-
duction processes
Applying the above method, we can easily reproduce the leading double logarithmic terms
in the Drell-Yan and Higgs boson production in hadronic collisions. For Drell-Yan process,
we only have initial state gluon radiation,
A0
(
igs
2pµ1
2p1 · kg + iǫ v¯T
au
)
, (114)
where A0 represents the leading order amplitude containing spinor structure, a for the color
index for the radiated gluon. We can easily calculate the amplitude squared as
M2 = |M0|2g2s
[
CF
(
2p1 · p2
p1 · kgp2 · kg
)]
,
= |M0|2 (αs4πCF ) 4
k2g⊥
. (115)
Together with the Fourier transform result in the last subsection, we will find out the soft
gluon radiation at one-loop order contributes to a factor,
− αsCF
2π
ln2
(
Q2R2⊥
c20
)
, (116)
where Q is the invariant mass of the lepton pair. This is the famous double logarithmic
term at one-loop order for Drell-Yan processes.
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Similarly, for Higgs boson production, we will find out the one-loop soft gluon radiation
contrites,
− αsCA
2π
ln2
(
M2HR
2
⊥
c20
)
, (117)
where MH represents the Higgs boson mass.
To achieve the similar results for the hard processes discussed in this paper is the main
goal of our calculations. In the following, we will first derive the results in the collinear
factorization approach, and summarize the basic counting rule for the leading double loga-
rithmic terms. After that, we will extend the discussions to the small-x formalism, and we
will demonstrate that the counting results remain the same. This tells us that the Sudakov
resummation can be performed consistently with the small-x resummation, at the leading
double logarithmic level. Beyond that, we conjecture it shall follow, and may have more
complicated form.
C. γg → qq¯
There is only one color structure for the Born diagram of this process, u¯T av. So, we can
write down the Born amplitude as
A0u¯T
av , (118)
where A0 represents the spinor structure of the amplitude, and a for the color index for the
incoming gluon. With one soft gluon radiation, we find out that
A0
(
igs
2kµ1
2k1 · kg + iǫ u¯T
bT av + igs
2kµ2
2k2 · kg + iǫ u¯T
aT bv
)
, (119)
as shown in Fig. 13. The amplitude squared of the soft gluon radiation can be written as,
M2 = |M0|2g2s
[
Nc
2
(
2k1 · p2
k1 · kgp2 · kg +
2k2 · p2
k2 · kgp2 · kg
)
+
(
− 1
2Nc
)
2k1 · k2
k1 · kgk2 · kg
]
, (120)
where M0 represents the leading Born amplitude. As we discussed above, the three terms
contribute differently in the leading double logarithmic order. In particular, the last term
does not contribute to the double logarithms, whereas the first two terms contribute equally
one half of the usual double logarithms. The final result is,
− αsNc
4π
ln2
(
P 2⊥R
2
⊥
c20
)
. (121)
It is half of the double logarithms in the Higgs boson production.
This seems to suggest a simple counting rule for the leading double logarithms. Every
incoming parton contributes to one-half times its associated Casimir color factor, i.e., for
quark it is half of CF , for gluon it is half of CA. This can be understood that all the leading
double logs come from the initial state parton distributions, which can be summarized as
the counting rule.
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FIG. 13. Soft gluon radiation in qq¯ production in DIS process.
FIG. 14. Soft gluon radiation in photon-quark production.
D. qg → qγ
For this process, again, we only have one color structure in the leading Born diagram,
A0u¯T
au , (122)
and the soft gluon radiation at one-loop order of Fig. 14 leads to,
A0
(
igs
2pµ1
2p1 · kg + iǫ u¯T
aT bu+ igs
2kµ1
2k1 · kg + iǫ u¯T
bT au
)
. (123)
The amplitude squared can be calculated,
M2 = |M0|2g2s
[(
CF +
1
2Nc
)
2p1 · p2
p1 · kgp2 · kg + CF
2k1 · p2
k1 · kgp2 · kg
+
(
− 1
2Nc
)(
2k1 · p2
k1 · kgp2 · kg −
2k2 · p2
k2 · kgp2 · kg
)]
. (124)
Following the same analysis of the above, we will find out that the first term contributes to
a leading double log with coefficient CA/2, the second term with half of CF , and the third
term cancels out. The final result takes the form,
− αs
2π
(
CA + CF
2
)
ln2
(
P 2⊥R
2
⊥
c20
)
. (125)
Again, it is consistent with the counting rule.
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FIG. 15. Soft gluon radiation in qg → qg process.
E. qg → qg
In this process, we have two different color structure at the leading Born level,
A1u¯T
aT bu+ A2u¯T
bT au , (126)
where a and b represent the color indexes for the incoming and outgoing gluons. The leading
order amplitude squared reads as,
|A0|2 = CF
(
A21 + A
2
2
)
+
(
− 1
2Nc
)
2A1A
∗
2 . (127)
In the above, we took the straightforward decomposition. In general, the scattering ampli-
tude for the hard processes should be decomposed into orthogonal color bases as that in
Ref. [24]. In this paper, since we focus on the leading double logarithmic contributions, the
above decomposition is good enough. At one-loop order, we will have gluon radiation as
shown in Fig. 15, which come from the initial quark, the final state quark and gluon. We
can write down the amplitude as
2kµ1
2k1 · kg
[
A1u¯T
cT aT bu+ A2u¯T
cT bT au
]
+
−2pµ1
2p1 · kg
[
A1u¯T
aT bT cu+ A2u¯T
bT aT cu
]
+
2kµ2
2k2 · kg (−ifcbd)
[
A1u¯T
aT du+ A2u¯T
dT au
]
, (128)
where c represents the color index for the radiated gluon.
Let us first work out the color factors for different terms,
kµ1k
ν
1 ⇒ CF |M0|2 ,
kµ2k
ν
2 ⇒ CA|M0|2 ,
pµ1p
ν
1 ⇒ CF |M0|2 ,
kµ1k
ν
2 ⇒
[(
−CF Nc
2
)
A21 +
1
4
(
A22 + 2A1A
∗
2
)]
,
kµ1 p
ν
1 ⇒
[(
− 1
2Nc
)(
− 1
2Nc
)
(A1 + A2)
2 +
1
4
2A1A
∗
2
]
,
kµ2 p
ν
1 ⇒
[(
CF
Nc
2
)
A22 −
1
4
(
A21 + 2A1A
∗
2
)]
. (129)
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FIG. 16. Soft gluon radiation in gg → qq¯ process.
Adding them together with the weight to the leading double logs, we have(
CF +
CF + CA
2
)
|M0|2 +
[(
−CF Nc
2
)
A21 +
1
4
(
A22 + 2A1A
∗
2
)]
−
[(
− 1
2Nc
)(
− 1
2Nc
)
(A1 + A2)
2 +
1
4
2A1A
∗
2
]
−
[(
CF
Nc
2
)
A22 −
1
4
(
A21 + 2A1A
∗
2
)]
=
(
CF +
CF + CA
2
)
|M0|2 − CF
(
CF
(
A21 + A
2
2
)
+
(
− 1
2Nc
)
2A1A
∗
2
)
=
CF + CA
2
|M0|2 . (130)
Therefore, at the leading double logarithmic level, the soft gluon radiation contributes to
− αs
2π
(
CA + CF
2
)
ln2
(
P 2⊥R
2
⊥
c20
)
. (131)
F. gg → qq¯
Similarly, we have at the leading Born diagram,
A1u¯T
aT bv + A2u¯T
bT av , (132)
with
|A0|2 = CF
(
A21 + A
2
2
)
+
(
− 1
2Nc
)
2A1A
∗
2 . (133)
Soft gluon radiation of Fig. 16 contributes,
2kµ1
2k1 · kg
[
A1u¯T
cT aT bv + A2u¯T
cT bT av
]
+
−2kµ2
2k2 · kg
[
A1u¯T
aT bT cv + A2u¯T
bT aT cv
]
+
2pµ1
2p1 · kg (−ifcad)
[
A1u¯T
dT bv + A2u¯T
bT dv
]
, (134)
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FIG. 17. Soft gluon radiation in gg → gg process.
where c represents the color index for the radiated gluon. The color factors are similar to
the above channel, and we have
kµ1k
ν
1 ⇒ CF |M0|2 ,
kµ2k
ν
2 ⇒ CF |M0|2 ,
pµ1p
ν
1 ⇒ CA|M0|2 ,
kµ1k
ν
2 ⇒
[(
− 1
2Nc
)(
− 1
2Nc
)
(A1 + A2)
2 +
1
4
2A1A
∗
2
]
,
kµ1 p
ν
1 ⇒
[(
−CF Nc
2
)
A21 +
1
4
(
A22 + 2A1A
∗
2
)]
,
kµ2 p
ν
1 ⇒
[(
CF
Nc
2
)
A22 −
1
4
(
A21 + 2A1A
∗
2
)]
, (135)
Adding them together with the weight to the leading double logs, we have(
CA +
CF + CF
2
)
|M0|2 +
[(
−CF Nc
2
)
A21 +
1
4
(
A22 + 2A1A
∗
2
)]
−
[(
− 1
2Nc
)(
− 1
2Nc
)
(A1 + A2)
2 +
1
4
2A1A
∗
2
]
−
[(
CF
Nc
2
)
A22 −
1
4
(
A21 + 2A1A
∗
2
)]
=
(
CA +
CF + CF
2
)
|M0|2 − CF
(
CF
(
A21 + A
2
2
)
+
(
− 1
2Nc
)
2A1A
∗
2
)
= CA|M0|2 . (136)
Finally, at the leading double logarithmic level, the soft gluon radiation contributes to
− αs
2π
CA ln
2
(
P 2⊥R
2
⊥
c20
)
, (137)
which is the same as that for Higgs boson production.
G. gg → gg
For gg → gg channel, we can simply write down the following decomposition,
A1fabefcde + A2facefbde + A3fadefbce , (138)
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where a, b, c, d are color indices for the gluons. The leading order amplitude squared can be
written as
|M0|2 =
(
A21 + A
2
2 + A
2
3 + A1A
∗
2 − A1A∗3 + A2A∗3
)
. (139)
One soft gluon radiation of Fig. 17 can take the form,
2kµ1
2k1 · kg fgcf [A1fabeffde + A2fafefbde + A3fadefbfe]
+
2kµ2
2k2 · kg fgdf [A1fabefcfe + A2facefbfe + A3fafefbce]
+
2pµ1
2p1 · kg fgaf [A1ffbefcde + A2ffcefbde + A3ffdefbce] . (140)
The amplitude squared of the above radiation can be written as,
kµ1k
ν
1 ⇒ CA|M0|2 ,
kµ2k
ν
2 ⇒ CA|M0|2 ,
pµ1p
ν
1 ⇒ CA|M0|2 ,
kµ1k
ν
2 ⇒
[
−Nc
2
A21 −
Nc
4
(
A22 + A
2
3 + 2A1A
∗
2 − 2A1A∗3
)]
,
kµ1 p
ν
1 ⇒
[
−Nc
2
A22 −
Nc
4
(
A21 + A
2
3 + 2A1A
∗
2 + 2A2A
∗
3
)]
,
kµ2 p
ν
1 ⇒
[
−Nc
2
A23 −
Nc
4
(
A21 + A
2
2 + 2A2A
∗
3 − 2A1A∗3
)]
. (141)
Adding them together, we have(
CA +
CA + CA
2
)
|M0|2 +
[
−Nc
2
A21 −
Nc
4
(
A22 + A
2
3 + 2A1A
∗
2 − 2A1A∗3
)]
+
[
−Nc
2
A22 −
Nc
4
(
A21 + A
2
3 + 2A1A
∗
2 + 2A2A
∗
3
)]
+
[
−Nc
2
A23 −
Nc
4
(
A21 + A
2
2 + 2A2A
∗
3 − 2A1A∗3
)]
= (CA + CA) |M0|2 −Nc
(
A21 + A
2
2 + A
2
3 + A1A
∗
2 − A1A∗3 + A2A∗3
)
= CA|M0|2 . (142)
Again, this leads to a leading double logarithmic contribution as,
− αs
2π
CA ln
2
(
P 2⊥R
2
⊥
c20
)
, (143)
the same as that for Higgs boson production.
VI. DOUBLE LOGARITHMS IN JET-PHOTON PRODUCTION IN PA COLLI-
SIONS
In this section, we present an analysis on the Sudakov double logarithms in small-x
calculations, by extending our previous calculation of Higgs boson production to the photon-
jet production in pA collisions. We will demonstrate that for one-gluon radiation, the soft
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(a) (b)
FIG. 18. The leading order amplitudes of jet-photon pair production in pA collisions.
gluon contributes to the Sudakov double logarithms, whereas the collinear gluon contributes
to the small-x evolution (in this case, it is the BK evolution). These two contributions are
well separated in the phase space of the radiated gluon, and also by different diagrams. Once
we have shown this example, we will carry out the calculations of leading double logs for
other hard processes.
A. Generic Arguments
The leading order cross section for real-photon and associate jet productions in pA colli-
sions in the dipole model, as shown in Fig. 18, can be written as
dσpA→qγX
dP.S. =
∑
f
αe.m.e
2
fxpqf(xp)2
[
1 + (1− z)2] (1− z)
×
∫
d2u⊥d
2v⊥d
2u′⊥d
2v′⊥
(2π)6
e−iq⊥·(v⊥−v
′
⊥
)−iP⊥·(u⊥−u′⊥)u⊥ · u
′
⊥
u2⊥u
′2
⊥
× [S(2) (b⊥, b′⊥) + S(2) (v⊥, v′⊥)− S(2) (v⊥, b′⊥)− S(2) (b⊥, v′⊥)] , (144)
where v⊥ = zx⊥ + (1 − z)b⊥ and u⊥ = x⊥ − b⊥ with x⊥ and b⊥ being the coordinates of
the produced real photon and quark, respectively. z ≡ k+γ
p+
is defined as the longitudinal
momentum fraction of the photon with respect to the incoming quark from the proton
projectile.
It straightforward to see that those four dipole scattering amplitudes correspond to the
four different graphs after squaring the LO amplitudes as shown in Fig. 18. The red dots in
Fig. 18 indicate the highly virtual quark propagators in the dijet correlation limit (P⊥ ≫ q⊥).
Simple power counting analysis shows that the LO cross section is proportional to q4⊥/P
4
⊥
as a result of the product of two quark propagators (as indicated by the red dots) which is
proportional to 1/P 2⊥. This result is explicitly shown in Ref. [10]. Therefore, in the leading
power approximation at one loop order, one can treat this highly virtual quark propagator
as an effective vertex, namely, any additional gluon attachment to the vertex, which brings
another power of 1/P 2⊥, is power suppressed, and therefore can be neglected. This power
counting analysis only works when the radiated gluon is not collinear to the incoming target.
Namely, if the longitudinal momentum of the radiated gluon vanishes, which indicates that
the gluon is collinear to the nucleus target and generates the rapidity divergence, the radiated
gluon can attach to the red vertex without being power suppressed. In this region, as we
have expected, the rapidity divergence can be absorbed into the corresponding BK equation.
Therefore, in fact, the four graphs which contribute to the Sudakov double logarithm which
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(a) (b)
(d)(c)
FIG. 19. Four one loop real emission graphs which contribute to the leading power amplitude for
the Sudakov factor, while two other graphs which have the radiated gluon attaching to the red
dots are neglected.
is shown in Fig. 19 (graph (a) and (d) do not contribute to the BK evolution), are not the
same as the graphs which contribute to the BK evolution (only graph (b) and (c) together
with two other graphs which are not shown here contribute to the BK evolution) of the
relevant dipole amplitudes. We have also explicitly worked out the derivation of the BK
equation at one-loop level.
For the sake of simplicity, with the cancelation of the 1
ǫ2
term in mind, we can obtain
the Sudakov factor from the real graphs only by choosing µ2 = P 2⊥ without dealing with
the virtual graphs. As far as the Sudakov double logarithm is concerned, there are only 4
real graphs at the amplitude level as shown in Fig. 19 (16 in total at the amplitude squared
level) which contribute to the leading power amplitude.
According to what we learnt in previous sections for other processes and following the
same procedure, we can easily obtain the contributions to the Sudakov double logarithms
from those graphs in Fig. 19 as follows.
• (a)2+(b)2+2(a)×(b)⇒−αsC1
2π
ln2
P 2
⊥
R2
⊥
c20
with C1 = 12CF where the factor 12 arises due to
the same reason as we have discussed in the DIS dijet production, while CF is just the
usual quark-gluon color factor. Since the additional gluon considered here is radiated
from the final state quark with large P⊥, the resulting Sudakov double logarithmic
contribution should always contain a factor of 1
2
as we have shown in previous DIS
dijet calculation.
• (c)2 + (d)2 + 2(c) × (d) ⇒ −αsC2
2π
ln2
P 2
⊥
R2
⊥
c20
with C2 = CF . Here since the gluon is
radiated from initial state quark without large transverse momentum, there is no
additional factor of 1
2
as compared to the previous case.
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• 2 [(a) + (b)]×[(c) + (d)]⇒−αsC3
2π
ln2
P 2
⊥
R2
⊥
c20
with C3 = 2× 12 12Nc where the factor 2 simply
comes from the interference. For these eight diagrams, the leading Nc contribution
does not yield any Sudakov double logarithms, while the sub-Nc correction, which is
proportional to − 1
2Nc
, does contribute. Therefore, after factorizing out the leading
order cross section, we find that these diagrams give
− 2× 1
2Nc
× 4αs
∫
dξ
ξ
∫
d2l⊥
(2π)2
l⊥ · (l⊥ + ξP⊥)
l2⊥(l⊥ + ξP⊥)
2
e−il⊥·R⊥, (145)
which eventually gives the effective color factor C3 = 12Nc . In this case, similar to the
DIS dijet calcultion, we find that there is an additional factor of 1
2
coming from the ξ
integration as well.
Therefore, by summing up all the above contributions, one find that the Sudakov factor
for the process q + g → q + γ in pA collisions is −αsC
2π
ln2
P 2
⊥
R2
⊥
c20
with the total color factor
C = Nc
2
+ CF
2
.
B. BK Evolution
First, let us transform the soft gluon radiation amplitude into more specific form, by
applying the physical polarization for the radiated gluon, for which we choose,
ǫ(kg) · kg = 0, ǫ(kg) · p2 = 0 , (146)
which leads to ǫ ·p1 = ~ǫ⊥ ·~kg⊥p1 ·p2/kg ·p2. For example, the gluon radiation from the initial
state, we have
ǫµ(kg)
2pµ1
2p1 · kg =
ǫ · p1
p1 · kg =
~ǫ⊥ · ~kg⊥p1 · p2
p1 · kgp2 · kg =
2~ǫ⊥ · ~kg⊥
k2g⊥
. (147)
Similarly, we can rewrite
2kµ1
2k1 · kg ⇒
2(kg⊥ − ξ1k1⊥)µ
(kg⊥ − ξ1k1⊥)2 ,
2kµ2
2k2 · kg ⇒
2(kg⊥ − ξ2k2⊥)µ
(kg⊥ − ξ2k2⊥)2 , (148)
where ξi = kg ·p2/ki ·p2. All the integral of the phase space resulting into the leading double
logs demonstrated in the previous section holds in the above functional forms as well.
In the analysis, we focus on two different regions of the radiated gluon: (1) soft gluon,
where αg ∼ βg ≪ 1; (2) collinear to the momentum of the nucleus, where αg ≪ 1 but
βg ∼ 1. The region (1) contribute to the Sudakov double logarithms, whereas the region (2)
contributes to the small-x evolution for the unintegrated gluon distribution associated with
the nucleus. In both case, ξi → 0 limit will be taken in the analysis of their contributions.
For the small-x evolution, we require additional kg · p1 ∼ p2 · p1 ≫ (k1+k2) · p1 ∼ P 2⊥. These
two regions will be main focus to be analyzed in the gluon radiation to the qg → qγ hard
process.
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(a) (b)
FIG. 20. Real gluon radiation diagrams which only contribute to the BK-evolution, but not to the
leading double logarithms.
Again, the leading order diagram has been shown in Fig. 18, and can be summarized into
the following form,
A0 ∼
[
kβ2⊥
k22⊥
− k
β
2⊥ − (1− z)qβ⊥
(k2⊥ − (1− z)q⊥)2
]∫
d2x⊥eiq⊥·x⊥U(x⊥) , (149)
where k1⊥, k2⊥ represent the momenta for the final state quark and photon, q⊥ = k1⊥+k2⊥.
In the correlation limit, we will find out that the non-zero contribution comes from the
derivative of the Wilson line U(x⊥), which leads to the cross section is proportional to the
dipole gluon distribution.
Let us first analyze the small-x evolution contribution, for which we focus on collinear
gluon radiation parallel to the nucleus momentum. Some of the diagrams are straightfor-
ward, whereas some are non-trivial. The diagram Fig. 20 (a) is, in particular, interesting,
because it only contributes to the small-x evolution, not to the soft gluon double logarithms.
The propagator goes as,
6 kγµ(6 k+6 kg)
k2(k + kg)2
, (150)
where k = k1 + k2. Since k is far off-shell, k
2 ∼ P 2⊥, (k + kg)2 will be far off-shell as well if
kg is soft. However, it does have contribution in the collinear limit. We can work out the
explicit dependence in the above expression,
≈ 2ǫ · kg⊥
k2g⊥
(
1 + k·p1
kg·p1
) . (151)
In the soft gluon limit, αg ∼ βg ≪ 1, k · p1 ∼ p2 · p1 ≫ kg · p1. Therefore, it is power
suppressed in the soft gluon limit. However, in the collinear limit, because kg · p1 ≫ k · p1,
there is a leading power contribution from the above expression. Carrying out the rest of
the amplitude, we find out this diagram contributes to the small-x evolution,
2kµg⊥
k2g⊥
(k2⊥ − (1− z)q⊥)β
(k2⊥ − (1− z)q⊥)2
∫
d2x⊥ei(q⊥+kg⊥)·x⊥ [U(x⊥)T a] . (152)
On the other hand, both Fig. 19(a) and 19(b) contribute to soft gluon radiation, but
only diagram Fig. 19(b) contributes to the small-x evolution. In the soft gluon limit, the
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propagators denoted by the red dots are in the same order. However, in the collinear limit
(small-x from nucleus side), the propagator in Fig. 19(a) is in order of (p1+ p2)
2, while that
of Fig. 19(b) in order of (p1 − k2)2 ∼ P 2⊥. As we discussed above, for small-x evolution, we
take the limit (p1 + p2)
2 ≫ P 2⊥. Therefore, Fig. 19(a) is power suppressed as compared to
Fig. 19(b). Working out Fig. 19(b), we find that, it contributes,
− 2k
µ
g⊥
k2g⊥
kβ2⊥
k22⊥
∫
d2x⊥ei(q⊥+kg⊥)·x⊥ [T aU(x⊥)] . (153)
There is a relative sign difference between the above two contributions.
Similarly, Fig. 19(d) only contributes to the soft gluon radiation, by the same reason that
for Fig. 19(a). There is an additional diagram, plotted as Fig. 20(b) contributing to the
small-x evolution, which does not contribution to the soft gluon double logarithms. This
diagram can be easily calculated as
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2
kβ2⊥
k22⊥
∫
d2x1d
2x2e
ikg1⊥·x1+ikg2⊥·x2 [U(x1)U †(x2)T aU(x2)] , (154)
where kg1 + kg2 = q⊥ + kg⊥. Fig. 19(c) can also be easily calculated, and we obtain
− 2(kg⊥ − kg2⊥)
µ
(kg⊥ − kg2⊥)2
(k2⊥ − (1− z)q⊥)β
(k2⊥ − (1− z)q⊥)2
∫
d2x1d
2x2e
ikg1⊥·x1+ikg2⊥·x2 [U(x1)U †(x2)T aU(x2)] .
(155)
Again, there is a relative sign difference between the above two terms.
By adding the above four terms together, we can write down the small-x evolution coming
from the following terms,(
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2 −
2kµg⊥
k2g⊥
)(
kβ2⊥
k22⊥
− (k2⊥ − (1− z)q⊥)
β
(k2⊥ − (1− z)q⊥)2
)
×
∫
d2x1d
2x2e
ikg1⊥·x1+ikg2⊥·x2 [U(x1)U †(x2)T aU(x2)] . (156)
The above result leads to the real diagram contributions to the small-x evolution of the
dipole gluon distribution from the nucleus.
C. Detailed analysis of double logarithms of the soft gluon radiation
To derive the soft gluon radiation contribution to the double logarithms, we will take the
correlation limit, i.e., k1⊥ ∼ k2⊥ ≫ q⊥ = k1⊥+k2⊥. Under this limit, the leading order Born
diagram can be simplified as,
A0 ≈ Γβ(k1⊥)
∫
d2x⊥eiq⊥·x⊥∂
β
⊥U(x⊥) . (157)
Clearly, the hard part Γβ is decouple from the Wilson line, as a result of the correlation limit
and the effective kt-factorization. The above will result into the cross section proportional
to the dipole gluon distribution xG(1) ∼ 〈∂⊥U †(x⊥)∂⊥U(x⊥)〉,
|A0|2 = Γβ(k1⊥)Γβ′(k1⊥)
∫
d2x⊥d
2y⊥e
iq⊥(x⊥−y⊥)〈∂β⊥U †(y⊥)∂β′⊥U(x⊥)〉 . (158)
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The soft gluon radiation comes from initial and final state radiation. The diagrams have
been shown in Fig. 19. The final state radiation (19(a) and 19(b)) is easy to calculate, since
they do not involve multiple interactions with the nucleus. The total contribution from
Figs. 19(a) and (b) can be written as
A1 =
2(kg⊥ − ξ1k1⊥)µ
(kg⊥ − ξ1k1⊥)2 Γ
β(k1⊥)
∫
d2x⊥ei(kg⊥+q⊥)·x⊥
[
T a∂β⊥U(x⊥)
]
, (159)
where a represents the color index for the radiated gluon and µ for its polarization vector.
The evaluation of Figs. 19(c ) and (d) is a little involved. After some derivations, we will
find out that, they can be written as,
A2 =
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2 Γ
β(k1⊥)
∫
d2x1⊥d2x2⊥ei(kg1⊥·x1⊥+kg2⊥·x2⊥)
[
∂β⊥U(x1⊥)U
†(x2⊥)T aU(x2⊥)
]
,
(160)
where kg1⊥ + kg2⊥ = q⊥ + kg⊥.
The contribution from the amplitude squared of A1 can be written as
|A1|2 = Γβ(k1⊥)Γβ′(k1⊥)
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)〈∂⊥U †(y⊥)∂⊥U(x⊥)〉
×CF
∫
d3kg
2Ekg(2π)
2
eikg⊥·(x⊥−y⊥)
1
(kg⊥ − ξ1k1⊥)2 . (161)
Working out the integral as in the previous section, we will find that
|A1|2 =
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
CF
2
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
, (162)
where |A˜0|2 is the leading order amplitude squared in the coordinate space only depending
on x⊥ − y⊥ and hard momentum scale P⊥. This contributes to CF/2 factor for the leading
double logarithms. Similarly, |A2|2 contribution,
|A2|2 =
∫
d2x⊥d
2y⊥e
iq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
CF
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
, (163)
where we have only kept the leading double logarithmic terms and neglected sub-leading
contributions. The interference between the above two terms leads to the following contri-
bution,
2A1A
∗
2 = −
4(kg⊥ − ξ1k1⊥) · (kg⊥ − kg2⊥)
(kg⊥ − ξ1k1⊥)2(kg⊥ − kg2⊥)2 Γ
β(k1⊥)Γβ
′
(k1⊥)
×
∫
d2x1⊥d2x2⊥d2x′⊥e
i(kg1⊥·x1⊥+kg2⊥·x2⊥)e−i(kg⊥+q⊥)·x
′
⊥
×Tr
[
∂β⊥U(x1⊥)U
†(x2⊥)T
aU(x2⊥) ∂
β′
⊥ U
†(x′⊥)T
a
]
. (164)
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The leading double logarithmic contribution from the above equation is large Nc suppressed,
2A1A
∗
2 ≈ −
4(kg⊥ − ξ1k1⊥) · (kg⊥)
(kg⊥ − ξ1k1⊥)2(kg⊥)2 Γ
β(k1⊥)Γβ
′
(k1⊥)
×
∫
d2x1⊥d2x2⊥d2x′⊥e
i(kg1⊥·x1⊥+kg2⊥·x2⊥)e−i(kg⊥+q⊥)·x
′
⊥
×Tr
[
∂β⊥U(x1⊥)U
†(x2⊥)T aU(x2⊥) ∂
β′
⊥ U
†(x′⊥)T
a
]
= −4(kg⊥ − ξ1k1⊥) · (kg⊥)
(kg⊥ − ξ1k1⊥)2(kg⊥)2 Γ
β(k1⊥)Γβ
′
(k1⊥)
×
∫
d2x1⊥d2x2⊥d2x′⊥e
i(kg1⊥·x1⊥+kg2⊥·x2⊥)e−i(kg⊥+q⊥)·x
′
⊥δ(2)(x1⊥ − x2⊥)
×Tr
[
∂β⊥U(x1⊥)U
†(x2⊥)T aU(x2⊥) ∂
β′
⊥ U
†(x′⊥)T
a
]
.
= Γβ(k1⊥)Γβ
′
(k1⊥)
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)〈∂⊥U †(y⊥)∂⊥U(x⊥)〉
× 1
2Nc
∫
d3kg
2Ekg(2π)
2
eikg⊥·(x⊥−y⊥)
4kg⊥ · (kg⊥ − ξ1k1⊥)2
k2g⊥(kg⊥ − ξ1k1⊥)2
=
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
1
2Nc
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
, (165)
where the leading Nc contribution in the trace vanishes because of Tr
[
∂U(x⊥)U †(x⊥)
]
= 0.
Adding the above contributions together, we will find out the total contribution is pro-
portional to
|A1 + A2|2 =
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
CF + CA
2
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
,(166)
which is the same as that in the analysis of the collinear factorization calculations. Therefore,
the coefficient C for this process is identified as Cqg→qγ = (CF + CA) /2.
D. Heuristic arguments
In this part of the discussion, we employ the light-cone perturbation theory to analyse
the real diagrams and show the Sudakov double logarithm for the γq dijet productions in pA
collisions. With the assumption of single scattering approximation, we find that there are
nine real diagrams as shown in Fig. 21. As we have learnt above, multiple scattering does
not modify the Sudakov double logarithm, therefore single scattering calculation is sufficient
for us to obtain the correct Sudakov factor in this process.
To simplify the calculation, we set the kinematics as follows
2p = (2p+, 0, 0), k1 − k = (p+ − k+, (P⊥ − k⊥)
2
2(p+ − k+) , P⊥ − k⊥), (167)
k2 = (p
+,
(P⊥ − q⊥)2
2p+
, q⊥ − P⊥), k = (k+, k
2
⊥
2k+
, k⊥). (168)
The energy-momentum conservation constraint implies that the vertical small-x gluon which
comes from the target nucleus has a non-vanishing minus component q− = k−1 + k
−
2 + k
−
46
(a) − T aT b
(c¯) [T b, T a](c) [T b, T a](e¯) − T bT a
(d¯) [T b, T a](b¯) − T bT a(a¯) − T aT b
(b) − T bT a(a′) − T aT b
k2
k1 − k
k
2p
q
ab
FIG. 21. Soft gluon radiation in qg → qγ dijet process in the light cone perturbation formalism.
All the labels and colour factors for each diagrams are provided below. The difference between
diagram (c) and (c¯) is just whether the q → qγ splitting occurs after or before the vertical gluon
insertion.
and transverse component q⊥. Since only the double logarithmic term is being considered,
z ≡ k+
p+
≪ 1 is always assumed. Without the gluon radiation, the photon (γ) and quark
jets have almost back-to-back momenta P⊥ ≃ 12 |k2⊥ − k1⊥| and q⊥ = |k1⊥ + k2⊥| with
q⊥
P⊥
≪ 1. In the following calculation, we will neglect the transverse momentum q⊥, since we
know that the real diagrams will be approximately cancelled by the virtual diagrams in the
region k⊥ < q⊥. Namely, this region does not contribute to the Sudakov double logarithm.
Therefore, only the region where k⊥ > q⊥ is considered and q⊥ plays a role as a natural lower
cut-off for our calculation. On the other hand, the transverse momentum of the radiated
gluon k⊥ should not exceed the jet transverse momentum P⊥, otherwise the corresponding
diagram is suppressed.
As a result, after dropping factors of q⊥ in the light-cone perturbation theory, the de-
nominators for the above nine graphs are
Da =
−1
(k⊥−zP⊥)2
2k+
(
P 2
⊥
p+
+
k2
⊥
2k+
) , Da′ = −1
P 2
⊥
p+
(
P 2
⊥
p+
+
k2
⊥
2k+
) , (169)
Db = Dc =
1
P 2
⊥
p+
k2
⊥
2k+
, Dc¯ = De¯ =
−1(
P 2
⊥
p+
+
k2
⊥
2k+
)
k2
⊥
2k+
, (170)
Da¯ =
1
(k⊥−zP⊥)2
2k+
P 2
⊥
p+
, Db¯ = Dd¯ =
−1
P 2
⊥
p+
(
P 2
⊥
p+
+
k2
⊥
2k+
) . (171)
To be consistent with the power counting analysis used throughout this paper, we neglect
all the power suppressed terms. Taking the color factors into account, it is straightforward
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to find that the leading power contribution is cancelled completelybetween all these nine
diagrams which indicates
(a + a′ + b+ c+ c¯)|q⊥→0 = −(a¯ + b¯+ d¯+ e¯)|q⊥→0. (172)
The above cancellation does not occur if we keep the incoming gluon transverse momentum
q⊥ finite. Instead, we would obtain the same leading power contribution which is propor-
tional to
q2
⊥
P 2
⊥
as compared to the leading order γ + q-jets contribution calculated from the
two diagrams as shown in Fig. 18. To calculate the Sudakov double logarithmic term, the
diagrams (a), (a′), (b) and (c) are grouped together as the one loop correction to the Fig. 18
(a), since the vertical gluon insertion occurs before the q → qγ splitting in all of these
diagrams. While (a¯), (b¯), (d¯) and (e¯) are combined together as the one-loop correction to
the Fig. 18(b) since the vertical gluon insertion happens after the q → qγ splitting in all of
these diagrams. It appears that there is an ambiguity for the last graph (c¯). If the vertical
gluon transverse momentum q⊥ were kept everywhere in the above calculation, there would
be no ambiguity, but the calculation would be very tedious. Nevertheless, this problem goes
away if we perform the same calculation using Feynman propagators instead of light-cone
propagators where the diagrams (c) and (c¯) become one single diagram in the Feynman
propagator calculation. We obtain exactly the same result as the Feynman calculation if we
combine Dc and Dc¯ together. Therefore, we combine the diagram (c¯) with the diagrams (a),
(a′), (b) and (c) as shown on the left hand side of the Eq. (172).
Now we are ready to evaluate the above diagrams and compute the Sudakov double
logarithmic term. Here in this part, we do not include the jet decay double logarithmic term
which depends on the jet-cone parameters, since this belongs to different type of physics. It
is straightforward to find
(a+ a′ + b+ c + c¯) =
T aT b
(k⊥−zP⊥)2
2k+
(
P 2
⊥
p+
+
k2
⊥
2k+
) − T bT a(
P 2
⊥
p+
+
k2
⊥
2k+
)
k2
⊥
2k+
, (173)
which gives
(a + a′ + b+ c+ c¯) ≃ 1
k2
⊥
2k+
P 2
⊥
p+
(
T aT b
∣∣I
k2
⊥
P2
⊥
p+<k+<
k⊥
P
⊥
p+
− T bT a∣∣IIk2
⊥
P2
⊥
p+<k+<p+
)
. (174)
To arrive at the above expression, we have employed the knowledge that the region with
0 < k+ <
k2
⊥
P 2
⊥
p+ does not contribute to the Sudakov factor at all since it gives rise to the
BFKL type of single logarithmic term and therefore should be associated with the small-x
evolution of the dipole amplitudes. Now according to Eq. (174), we can compute the leading
Sudakov factor for Fig. 18(a) term by term as follows
Sudakov|q→qγI×I∗ = −
αsCF
π
∫ P 2
⊥
q2
⊥
dk2⊥
k2⊥
∫ k⊥
P⊥
p+
k2
⊥
P2
⊥
p+
dk+
k+
= −αsCF
4π
ln2
P 2⊥
q2⊥
, (175)
Sudakov|q→qγII×II∗ = −
αsCF
π
∫ P 2
⊥
q2
⊥
dk2⊥
k2⊥
∫ p+
k2
⊥
P2
⊥
p+
dk+
k+
= −αsCF
2π
ln2
P 2⊥
q2⊥
, (176)
Sudakov|q→qγ2×I×II∗ = −
αs
πNc
∫ P 2
⊥
q2
⊥
dk2⊥
k2⊥
∫ k⊥
P⊥
p+
k2
⊥
P2
⊥
p+
dk+
k+
= − αs
4πNc
ln2
P 2⊥
q2⊥
, (177)
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where the last line comes from the interference term with the colour factor 1
Nc
tr
[
T aT bT aT b
]
=
− CF
2Nc
. Also one should note that a factor of CF should be factorized out for the leading
order dijet cross section. Summing over all the contributions, one eventually obtains the
total Sudakov double logarithmic term as follows
Sudakov|q→qγ = −αs
2π
(
CF
2
+
Nc
2
)
ln2
P 2⊥
q2⊥
. (178)
This result is in complete agreement with our earlier calculation with the identification of
q⊥ ∼ 1R⊥ .
It is interesting to note that actually only diagrams (a) and (b) contribute to the Sudakov
double logarithm when we take into account the constraint k+ >
k2
⊥
P 2
⊥
p+, since (a′) and
(c)+ (c¯) are power suppressed in the corresponding region. This conclusion also agrees with
our previous analysis. The graph (a) represents the final state gluon radiation, while the
graph (b) corresponds to the initial state gluon radiation, which yield the contributions with
colour factors 1
2
CF and CF , respectively. Their interference graphs give a contribution with
the colour factor 1
2Nc
. The Sudakov double logarithm can be viewed as the probabilistic
correction to the back-to-back dijet configuration. If we define the probability of generating
the dijet configuration at leading order as unity, then the Sudakov factor represents the
probability that such configuration is destroyed by one-gluon radiation at the loop order. It
is then straightforward to see that the initial state gluon radiation can destroy the desired
dijet configuration by radiating a gluon with k⊥ > q⊥. However, the case for the final
state gluon radiation is slightly more complicated. Final state gluon radiation not only
has to satisfy the requirement k⊥ > q⊥, but also should have a large enough angle so that
k⊥
k+
> θ ≡ P⊥
p+
, in order to be distinguishable from the dijet configuration. Another way to
view this additional requirement is to say that the rapidity of the emitted gluon ln k
+
k⊥
should
not be greater than that of the original quark which is ln p
+
P⊥
. This is a ’dead-zone’ effect
similar to what happens in the gluon radiation from a heavy quark. This naturally explains
the above calculation and the different Sudakov contributions between the final state and
initial state gluon radiations.
Furthermore, as a consistency check, it is easy to find that the combination of graph (a¯),
(b¯), (d¯) and (e¯) yields a similar conclusion and the same Sudakov factor as shown above for
Fig. 18(b).
In summary, as we have demonstrated above by employing three different analysis, we
have found the Sudakov double logarithm for the photon-jet back-to-back correlations in pA
collisions. The effective color factor C is found to be CF
2
+ Nc
2
, which is the same as the one
in the collinear factorization.
VII. DOUBLE LOGS IN DIJET PRODUCTION IN PA COLLISIONS
In this section, we will extend the discussions in the previous section to the general dijet
production in pA collisions. We only focus on the Sudakov double logarithms. We expect
the small-x evolution will follow the same as that for the photon-jet production process.
We will derive the double logs for all the hard processes relevant for dijet production. The
basic idea is to identify the initial and final state radiations, and calculate the associated
contributions in the leading double logarithmic approximation.
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FIG. 22. Soft gluon radiation in gg → qq¯ process in the saturation formalism. The blobs in the
lower two diagrams represent the multiple gluon interaction with nucleus formulated in Ref. [10]
in the correlation limit.
A. gg → qq¯
From Ref.[10], we can write down the leading Born amplitude for qq¯ pair production,
A0 =
∫
d2x⊥eiq⊥·x⊥Γβ(k1⊥)
[
(1− z)∂⊥U(x⊥)T aU †(x⊥)− zU(x⊥)T a∂⊥U †(x⊥)
]
ij
, (179)
where again we have taken the correlation limit. The amplitude squared will be,
|A0|2 =
∫
d2x⊥y⊥eiq⊥·(x⊥−y⊥)Γβ(k1⊥))Γβ
′
(k1⊥))
×1
2
{(
(1− z)2 + z2)Tr [U(x⊥)U †(y⊥)]Tr [∂⊥U(x⊥)∂⊥U †(y′⊥)]
−2z(1 − z)Tr [U(x⊥)∂⊥U †(y⊥)]Tr [U(x⊥)∂⊥U †(y′⊥)]} . (180)
This is consistent with what we have found in Ref. [10].
The initial state radiation contribution of Fig. 22 can be written as
A1 =
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2 Γ
β(k1⊥)
1
NF
Tr[T bU(x2)T
cU †(x2)]
[
(1− z)∂⊥U(x⊥)[T a, T c]U †(x⊥)
−zU(x⊥)[T a, T c]∂⊥U †(x⊥)
]
ij
, (181)
where a represents the color index for incoming gluon, b for radiated gluon, ij for the final
state quark pair. Gluon radiation from the quark and antiquark lines of Fig. 22 can be
written as
A2 =
2(kg⊥ − ξ1k1⊥)µ
(kg⊥ − ξ1k1⊥)2 Γ
β(k1⊥)
[
(1− z)T b∂⊥U(x⊥)T aU †(x⊥)− zT bU(x⊥)T a∂⊥U †(x⊥)
]
ij
,
A3 = −2(kg⊥ − ξ2k2⊥)
µ
(kg⊥ − ξ2k2⊥)2 Γ
β(k1⊥)
[
(1− z)∂⊥U(x⊥)T aU †(x⊥)T b − zU(x⊥)T a∂⊥U †(x⊥)T b
]
ij
.
(182)
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The amplitude squared of the above terms can be easily calculated, following the example
in previous section,
|A1|2 = CA|A0|2, |A2|2 = CF
2
|A0|2, |A3|2 = CF
2
|A0|2 . (183)
The interference between them is a little involved, but also straightforward. For example,
for 2A1A
∗
2, we have, for the Wilson line part,
2A1A
∗
2 =
1
NF
Tr[T bU(x2)T
cU †(x2)]
×Tr [((1− z)∂⊥U(x⊥)[T a, T c]U †(x⊥)− zU(x⊥)[T a, T c]∂⊥U †(x⊥))(
(1− z)U(y⊥)T a∂⊥U †(y⊥)T b − z∂⊥U(y⊥)T aU †(y⊥)T b
)]
. (184)
Again, taking the leading double logarithmic approximation, we will have δ(2)(x⊥ − x2⊥),
which will simplify the above expression, and we shall obtain,
2A1A
∗
2 = −
Nc
2
z2
2
Tr
[
U(x⊥)U †(y⊥)
]
Tr
[
∂⊥U(x⊥)∂⊥U †(y′⊥)
]
+
Nc
2
z(1 − z)
2
Tr
[
U(x⊥)∂⊥U †(y⊥)
]
Tr
[
U(x⊥)∂⊥U †(y′⊥)
]
. (185)
Similarly, following the same procedure, we have
2A1A
∗
3 =
1
NF
Tr[T bU(x2)T
cU †(x2)]
×Tr [((1− z)∂⊥U(x⊥)[T a, T c]U †(x⊥)− zU(x⊥)[T a, T c]∂⊥U †(x⊥))(
(1− z)T bU(y⊥)T a∂⊥U †(y⊥)− zT b∂⊥U(y⊥)T aU †(y⊥)
)]
⇒ Nc
2
(1− z)2
2
Tr
[
U(x⊥)U †(y⊥)
]
Tr
[
∂⊥U(x⊥)∂⊥U †(y′⊥)
]
− Nc
2
z(1− z)
2
Tr
[
U(x⊥)∂⊥U †(y⊥)
]
Tr
[
U(x⊥)∂⊥U †(y′⊥)
]
. (186)
On the other hand, the interference between A2 and A3 is large Nc suppressed.
By adding the above two equations together, we find that the interference terms will con-
tribute to a factor ofNc/2 to the leading double logarithms. Therefore, the total contribution
will be
|A1 + A2 + A3|2 =
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
Nc
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
, (187)
in the large Nc limit.
Similar to the above calculation, one can also obtain the color factor of the Sudakov
factor for the g + g → qq¯ channel as illustrated in Fig. 23 as follows.
• (a)2+(b)2+2(a)×(b)⇒ the LO cross section which sets the baseline for the extraction
of the Sudakov factor from the one-loop calculation.
• (c)2 + (d)2 + 2(c)× (d) ⇒ −αsC1
2π
ln2
P 2
⊥
R2
⊥
c20
with C1 = Nc.
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One-Loop
(a) (b)
(c) (d)
(e) (f)
FIG. 23. Relevant graphs in the g + g → qq¯ process.
• (e)2 + (f)2 + 2(e) × (f) ⇒ −αsC2
2π
ln2
P 2
⊥
R2
⊥
c20
with C2 = 12 × 2(CF + 12Nc ) = 12Nc. Here
since the gluon is radiated from the final state quark with large transverse momentum
P⊥, there is an additional factor of 12 which is compensated by a factor of 2 since we
have two quark lines in this case. Here we have also taken the sub-Nc correction into
account. The color factor of the contribution is identical to the one in the DIS dijet
case.
• 2 [(c) + (d)] × [(e) + (f)] ⇒ −αsC3
2π
ln2
P 2
⊥
R2
⊥
c20
with C3 = −2 × 12 Nc2 where the factor
2 simply comes from the interference. This part of the result is different from the
q + g → q + γ process due to different color structures, although these two processes
look similar in terms of the dipole amplitudes. Here we believe that the non-linear
term, which is leading Nc contribution, do contribute to the Sudakov factor.
Let us compare the calculation in detail for the q+g → q+γ process with the g+g → q+q¯
process, which can help us understand their differences for the interference terms as we
mentioned above. In the case of q + g → q + γ, the last term of the LO cross section
as shown in Eq. (144) reduces to ∂v∂v′S
(2)(v, v′) in the dijet correlation limit. This is the
exact reason that this particular process is measuring the dipole gluon distributio (which is
proportional to q2Fxg(q) in the momentum space) in the dijet limit. Now we consider the
interference term (2 [(a) + (b)] × [(c) + (d)] in Fig (19)), the leading Nc term is non-linear
which is proportional to
∂v∂v′
[
S(2)(v, z)S(2)(z, v′)
]
, (188)
where z is the coordinate of the radiated gluon, while v and v′ are the coordinates of the
incoming quark. It is important to note that the above expression vanishes in the limit
z → v or z → v′. Therefore, only the sub-Nc correction contributes to the Sudakov factor
in this case.
On the other hand, for the g+ g → q+ q¯ channel in the large Nc limit, the leading order
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amplitude is proportional to[
α2 + (1− α)2]S(2)(v′, v)∂v∂v′ [S(2)(v, v′)]− 2α(1− α)∂vS(2)(v′, v)∂v′S(2)(v, v′) (189)
where α is the longitudinal momentum fraction of the produced quark with respect to the
incoming gluon. At the one-loop order, we find that the interference term (from 2 [(c) + (d)]×
[(e) + (f)]) yields [
α2 + (1− α)2]S(2)(v, z)S(2)(z, v′)∂v∂v′ [S(2)(v, v′)]
+
[
α2 + (1− α)2]S(2)(v, v′)∂v∂v′ [S(2)(v, z)S(2)(z, v′)]
− 2α(1− α) [∂vS(2)(v′, z)S(2)(z, v)] ∂v′S(2)(v, v′)
− 2α(1− α)∂vS(2)(v′, v)∂v′
[
S(2)(v, z)S(2)(z, v′)
]
(190)
in the large Nc limit. In the region where z is close to v or v
′, the above expression does not
vanish and reduces to the LO expression as shown in Eq. (189) in this region. As a result,
the integration over z in the vicinity of v and v′ could generate a Sudakov double logarithm
with a color factor −Nc
2
. In the large Nc limit, in which one can approximate a gluon to a
pair of quark-antiquark lines in terms of the color structure, we find that the extra antiquark
line in this channel as compared to the q + g → q + γ channel cause the different outcomes
for the interference contributions in these two channels.
Therefore, by summing up all the contributions, one find the Sudakov factor for the
g + g → q + q¯ channel is −αsC
2π
ln2
P 2
⊥
R2
⊥
c20
with the effective color factor Cgg→qq¯ = Nc. For
heavy quark pair productions in pA collisions considered in a recent study[38], we believe
that there should also be an associated Sudakov factor with the same effective color factor.
B. qg → qg channel
Tthe leading Born amplitude for qg → qg channel can be written as,
A0 =
∫
d2x⊥eiq⊥·x⊥Γβ(k1⊥)
[
∂⊥U(x⊥)U †(x⊥)T aU(x⊥)− zT a∂⊥U(x⊥)
]
ij
, (191)
where again we have taken the correlation limit. The amplitude squared will be,
|A0|2 =
∫
d2x⊥d2y⊥eiq⊥·(x⊥−y⊥)Γβ(k1⊥))Γβ
′
(k1⊥))
×
{
1
2
Tr
[
U(x⊥)U †(y⊥)
]
Tr
[
∂⊥U(x⊥)U †(x⊥)∂⊥U(y⊥)U †(y⊥)
]
+z2CF
[
∂⊥U(x⊥)∂⊥U †(y⊥)
]}
. (192)
This is consistent with what we have found in Ref. [10].
The initial state radiation contribution of Fig. 24 can be written as
A1 =
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2 Γ
β(k1⊥)
[−∂⊥U(x⊥)U †(x⊥)T aU(x⊥)U †(x2⊥)T bU(x2⊥)
+zT a∂⊥U(x⊥)U †(x2⊥)T bU(x2⊥)
]
ij
, (193)
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FIG. 24. Same as Fig. 22 for qg → qg process.
where a represents the color index for out going final state gluon, b for radiated gluon, ij for
the initial and final state quarks. Gluon radiation from the quark and gluon lines of Fig. 24
can be written as
A2 =
2(kg⊥ − ξ1k1⊥)µ
(kg⊥ − ξ1k1⊥)2 Γ
β(k1⊥)
[−T b∂⊥U(x⊥)U †(x⊥)T aU(x⊥) + zT bT a∂⊥U(x⊥)]ij ,
A3 = −2(kg⊥ − ξ2k2⊥)
µ
(kg⊥ − ξ2k2⊥)2 Γ
β(k1⊥)
[−∂⊥U(x⊥)U †(x⊥)[T a, T b]U(x⊥) + z[T a, T b]∂⊥U(x⊥)]ij .
(194)
The amplitude squared of the above terms can be easily calculated, following the example
in previous section,
|A1|2 = CF |A0|2, |A2|2 = CF
2
|A0|2, |A3|2 = CA
2
|A0|2 . (195)
For the interference between them 2A2A
∗
3, we have, for the Wilson line part,
2A2A
∗
3 = Tr
[
∂⊥U(x⊥)U †(x⊥)[T a, T b]U(x⊥)U †(y⊥)T aU(y⊥)∂⊥U †(y⊥)T b
+z2[T a, T b]∂⊥U(x⊥)∂⊥U †(y⊥)T aT b
]
, (196)
where we will find out that the first term is large Nc suppressed and the second term can
be calculated easily. Finally, we have
2A2A
∗
3 = z
2
(−CA
2
)
CFTr
[
∂⊥U(x⊥)∂⊥U †(y⊥)
]
. (197)
Similarly, following the same procedure, we have
2A1A
∗
3 = Tr
[
∂⊥U(x⊥)U †(x⊥)T aU(x⊥)U †(x2⊥)T bU(x2⊥)U †(y⊥)[T b, T a]U(y⊥)∂⊥U †(y⊥)
+z2T a∂⊥U(x⊥)U †(x2⊥)T bU(x2⊥)∂⊥U(y⊥)[T b, T a]
]
. (198)
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By applying the Delta function of δ(2)(x⊥−x2⊥), we will find out the leading Nc contribution
from the second term vanishes. Therefore, we will only have the first term contribution,
2A1A
∗
3 =
Nc
2
1
2
Tr
[
U(x⊥)U
†(y⊥)
]
Tr
[
∂⊥U(x⊥)U
†(x⊥)U(y⊥)∂⊥U
†(y⊥)
]
. (199)
On the other hand, the interference between A1 and A2 is large Nc suppressed.
By adding the above two equations together, we find that the interference terms will con-
tribute to a factor ofNc/2 to the leading double logarithms. Therefore, the total contribution
will be
|A1 + A2 + A3|2 =
∫
d2x⊥d2y⊥eiq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
CA + CF
2
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
,(200)
in the large Nc limit. Therefore, the C coefficient for this process is identified as Cqg→qg =
(CF + CA) /2.
C. gg → gg channel
In the correlation limit and leading Nc, the Born diagram reads as,
A0 =
∫
d2x⊥eiq⊥·x⊥Γβ(k1⊥)
× 1
NF
Tr
[
zT a[U †(x⊥)T bU(x⊥), ∂⊥U †(x⊥)T cU(x⊥) + U †(x⊥)T c∂⊥U(x⊥)]
−(1− z)T a[∂⊥U †(x⊥)T bU(x⊥) + U †(x⊥)T b∂⊥U(x⊥), U †(x⊥)T cU(x⊥)]
]
ij
, (201)
where a, b, c are color indices for incoming, and outgoing gluon lines. The amplitude squared
will be,
|A0|2 =
∫
d2x⊥d2y⊥eiq⊥·(x⊥−y⊥)Γβ(k1⊥))Γβ
′
(k1⊥))
× [(z + (1− z)2)F (1)g − 2z(1− z)F (2)g + F (3)g ] , (202)
Where F
(1,2,3)
g represent the following Wilson lines,
F (1)g = NcTr[∂⊥U(x⊥)∂⊥U
†(y⊥)]Tr[U(x⊥)U †(y⊥)] ,
F (2)g = NcTr[∂⊥U(x⊥)U
†(y⊥)]Tr[U(x⊥)∂⊥U †(y⊥)] ,
F (3)g = Tr[∂⊥U(x⊥)U
†(x⊥)∂⊥U(y⊥)U †(y⊥)]Tr[U(x⊥)U †(y⊥)]Tr[U(x⊥)U †(y⊥)] . (203)
With these expressions, we will obtain the same differential cross sections as that in Ref. [10].
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FIG. 25. Same as Fig. 22 for gg → gg process.
The initial and final state radiation contributions of Fig. 25 can be written as
A1 =
2(kg⊥ − kg2⊥)µ
(kg⊥ − kg2⊥)2 Γ
β(k1⊥)
1
NF
Tr[T dU(x2)T
eU †(x2)]
× 1
NF
Tr
[
z[T d, T a][U †(x⊥)T bU(x⊥), ∂⊥U †(x⊥)T cU(x⊥) + U †(x⊥)T c∂⊥U(x⊥)]
−(1− z)[T d, T a][∂⊥U †(x⊥)T bU(x⊥) + U †(x⊥)T b∂⊥U(x⊥), U †(x⊥)T cU(x⊥)]
]
ij
,
A2 =
2(kg⊥ − ξ1k1⊥)µ
(kg⊥ − ξ1k1⊥)2 Γ
β(k1⊥)
× 1
NF
Tr
[
zT a[U †(x⊥)[T d, T b]U(x⊥), ∂⊥U †(x⊥)T cU(x⊥) + U †(x⊥)T c∂⊥U(x⊥)]
−(1− z)T a[∂⊥U †(x⊥)T bU(x⊥) + U †(x⊥)[T d, T b]∂⊥U(x⊥), U †(x⊥)T cU(x⊥)]
]
ij
,
A3 =
2(kg⊥ − ξ2k2⊥)µ
(kg⊥ − ξ2k2⊥)2 Γ
β(k1⊥)
× 1
NF
Tr
[
zT a[U †(x⊥)T bU(x⊥), ∂⊥U †(x⊥)[T d, T c]U(x⊥) + U †(x⊥)T c∂⊥U(x⊥)]
−(1− z)T a[∂⊥U †(x⊥)T bU(x⊥) + U †(x⊥)T b∂⊥U(x⊥), U †(x⊥)[T d, T c]U(x⊥)]
]
ij
,(204)
where d is the color index for the radiated gluon.
The amplitude squared of the above three terms can be easily calculated,
|A1|2 = CA|A0|2, |A2|2 = CA
2
|A0|2, |A3|2 = CA
2
|A0|2 . (205)
Although it is tedious, we can calculate the interference between the above amplitude
straightforwardly. For the interference between A2 and A3, we have
2A2A
∗
3 = −
Nc
2
[(
z2 + (1− z)2)F (1)g − 2z(1− z)F (2)g ] . (206)
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The interference between A1 and A2 is,
2A1A
∗
2 = −
Nc
2
[
F (3)g + z
2F (1)g − z(1− z)F (2)g
]
. (207)
Similarly, for the interference between A1 and A3,
2A1A
∗
3 = −
Nc
2
[
F (3)g + (1− z)2F (1)g − z(1 − z)F (2)g
]
. (208)
Adding them together, we will find that the interference contributions is proportional to a
factor of Nc. Therefore, the total contributions take the following leading double logarithms,
|A1 + A2 + A3|2 =
∫
d2x⊥d
2y⊥e
iq⊥(x⊥−y⊥)|A˜0|2
(
−αs
2π
Nc
)
ln2
(
P 2⊥(x⊥ − y⊥)2
c20
)
, (209)
in the large Nc limit. Therefore, the C coefficient for this process is identified as Cgg→gg = Nc.
VIII. CONCLUSION
In summary, through the detailed one-loop calculation in coordinate space together with
the heuristic discussion, we have computed the Sudakov factor, including both the double
and single logarithmic terms, for the Higgs production in pA collisions with the leading
power approximation. The collinear divergence and the rapidity divergence, which appear
in the one-loop calculation, have been absorbed into the corresponding DGLAP evolution
of the collinear gluon distribution for the proton and the corresponding small-x evolution
equation for the WW gluon distribution for the target nucleus, respectively. We can also
reproduce the QCD renormalization group equation for the running coupling αs when we
remove the UV divergence by redefining the coupling constant. This demonstrates that
one can perform the Sudakov resummation consistently in the small-x formalism, when the
small-x type of large logarithms are also resumed.
Furthermore, we believe that this calculation can be generalized to the leading power
contributions of the one-loop calculation for Higgs production in nucleus-nucleus collisions
as long as the Higgs mass M is much greater than its transverse momentum k⊥. One should
be able to obtain the same Sudakov double logarithmic term. Here in this case, one should
use the WW unintegrated gluon distribution for both of the incoming gluons, and should
also take into account the linearly polarized component of the WW gluon distribution[39]. In
general, the genuine kt factorization does not apply unless the final state observed particles
are color neutral which is the exact reason why the Higgs production process is peculiar as
compared to other processes. With the help of the leading
k2
⊥
M2
power approximation, we
expect that the true kt factorization for Higgs production can be demonstrated to hold at
least for the leading power contribution up to one-loop order.
In addition, we have considered the processes for heavy quark pair productions and dijet
productions in DIS, as well as various channels of dijet production processes in pA collisions.
Due to the complexity of these processes, we can only obtain the coefficient of the Sudakov
double logarithmic term, which is the most important one-loop correction, by using the
technique developed in the calculation of the Higgs production. We find that the Sudakov
factor is process dependent, and the coefficient C can be determined from the color of the
incoming partons.
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As derived in this manuscript, the Sudakov factor appears not only in Higgs productions in
pA collisions, but also in various back-to-back dijet processes and other interesting processes,
such as heavy quark pair or heavy quarkonium productions and two-photon productions.
The phenomenological application of this theoretical study will play an important role in the
search of experimental evidences for saturation phenomena at RHIC and the LHC as well
as future EIC. Last but not least, the azimuthal angle correlation of the dijet productions
in heavy ion collisions[40] may also contain similar Sudakov suppression effect. There are
many further relevant studies which should be considered and completed in the future.
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Appendix A: Evaluation of Several Integrals in Dimensional Regularization
In this part of the manuscript, we provide some more technique details for the evaluation
of several integrals used in the derivation in dimensional regularization. The basics, conven-
tions and usual tricks involved in dimensional regularization can be found in Refs. [41, 42].
To evaluate Eq. (33), one needs to first use the following identity [42]:∫
d2−2ǫq⊥
(q2⊥)
α
e−iq⊥·R⊥ =
π1−ǫΓ(1− α− ǫ)
Γ(α)
(
R2⊥
4
)α+ǫ−1
, (A1)
which can be easily proved by rewriting (q2⊥)
−α as follows
(q2⊥)
−α =
1
Γ(α)
∫ ∞
0
dx xα−1e−xq
2
⊥. (A2)
By setting α = 1 + a, one can easily find
µ2ǫ
∫
d2−2ǫq⊥
(2π)2−2ǫq2⊥
(
M2
q2⊥
)a
e−iq⊥·R⊥ =
1
(4π)1−ǫ
(
R2⊥µ
2
4
)ǫ
Γ(−a− ǫ)
Γ(1 + a)
(
R2⊥M
2
4
)a
. (A3)
By differentiating over a on both sides of the above equation and setting a = 0 afterwards,
one can obtain
µ2ǫ
∫
d2−2ǫq⊥
(2π)2−2ǫq2⊥
ln
(
M2
q2⊥
)
e−iq⊥·R⊥
=
1
(4π)1−ǫ
(
R2⊥µ
2
4
)ǫ [
γE + ln
R2⊥M
2
4
− ψ(0)(−ǫ)
]
Γ(−ǫ), (A4)
where ψ(0)(x) = Γ
′(x)
Γ(x)
is the zeroth order polygamma function. In the convention of MS
subtraction scheme, we should also multiply a factor of S−1ǫ = (4πe
−γE)−ǫ to the right hand
side of the above results to convert from MS scheme to MS scheme. At last, by expanding
ǫ around 0, we can find the result in Eq. (34).
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Using Eq. (A1) and the convention in the MS subtraction scheme, one can easily compute
the collinear singularity from the following integral
µ2ǫ
∫
d2−2ǫq⊥
(2π)2−2ǫ
e−iq⊥·R⊥
1
q2⊥
=
1
4π
(
−1
ǫ
+ ln
c20
µ2R2⊥
)
. (A5)
To derive the convention and method for calculations in coordinate space for dimensional
regularization, we can compute the corresponding integral of Eq. (A5) in the coordinate
space. Through comparison between these two different calculation, we should be able to
extract the connection of computations between the momentum space and the coordinate
space in dimensional regularization. Using the following identity∫
d2u⊥
iu⊥
u2⊥
e−ik⊥·u⊥ = 2π
k⊥
k2⊥
, (A6)
it is straightforward to find∫
d2q⊥
(2π)2
e−iq⊥·R⊥
1
q2⊥
=
∫
d2u⊥
(2π)2
u⊥ · (u⊥ +R⊥)
u2⊥ (u⊥ +R⊥)
2 . (A7)
Thus, the corresponding integral in dimensional regularization gives
µ¯2
∫
d2+2ǫu⊥
(2π)2+2ǫ
u⊥ · (u⊥ +R⊥)
u2⊥ (u⊥ +R⊥)
2 =
1
4π
(
−1
ǫ
+ ln
1
µ¯2R2⊥
)
, (A8)
where we have multiplied a factor of Sǫ = (4πe
−γE)ǫ for the MS scheme. By comparing
Eq. (A8) to Eq. (A5), we find that one can always convert the coordinate space results to
the momentum space ones by setting µ¯2 = µ
2
c20
in dimensional regularization.
There are two ways to evaluate Eq. (48). In coordinate space, following the same con-
vention summarized above, together with the identity
a
∫ ∞
0
du u2ǫK1(au) =
1
2
(
4
a2
)ǫ
Γ(ǫ)Γ(1 + ǫ) (A9)
a2
∫ ∞
0
du u1+2ǫK0(au) =
(
4
a2
)ǫ
Γ2(1 + ǫ), (A10)
it is straightforward to find that Eq. (48) gives
1
2π
(
4e−γE µ¯2
−M2
)ǫ
Γ(ǫ)Γ2(−ǫ)
Γ(−2ǫ) =
1
π
(
− 1
ǫ2
+
1
ǫ
ln
M2
c20µ¯
2
− 1
2
ln2
M2
c20µ¯
2
+
π2
2
+
π2
12
)
. (A11)
It is interesting to notice that the contribution from K0(ǫ
′
fu⊥) term is equal to ǫ times the
contribution from K1(ǫ
′
fu⊥) term, therefore cancels the ǫ dependence in the
2
d
factor with
d = 2(1 + ǫ). If we change d back to 2, then we only need to evaluate the K1(ǫ
′
fu⊥) part.
To evaluate Eq. (48) in the momentum space, we use the following identities
1
2π
K0(au⊥) =
∫
d2k⊥
(2π)2
e−ik⊥·u⊥
k2⊥ + a2
(A12)
1
2π
au⊥K1(au⊥) =
∫
d2k⊥
ik⊥ · u⊥
(2π)2
e−ik⊥·u⊥
k2⊥ + a2
, (A13)
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together with Eq. (A6) to cast Eq. (48) into
1
1 + ǫ
∫ 1
0
dξ
ξ(1− ξ)
∫
d2−2ǫk⊥
(2π)2−2ǫ
[
− 2ǫ
′2
f(
k2⊥ + ǫ
′2
f
)
k2⊥
+ (2π)δ(2)(k⊥)
ǫ′2f
k2⊥ + ǫ
′2
f
]
, (A14)
where we have changed the dimension of the k⊥ integration to 2 − 2ǫ. Using the MS
conventional factors S−1ǫ , the above momentum space integral yields
1
π
(
− 1
ǫ2
+
1
ǫ
ln
M2
µ2
− 1
2
ln2
M2
µ2
+
π2
2
+
π2
12
)
. (A15)
Again, by identifying c20µ¯
2 with µ2, Eq. (A11) and Eq. (A15) give the same results.
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